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Wellbore irregularities turn the narrow eccentric annulus of primary cementing into a fully three-dimensional
(3D) flow geometry. Here we explore the effects of coupling the borehole geometry, reconstructed from high
frequency caliper data, with 3D computations of the displacement flow. Displacement flows through circular
boreholes with enlargements of varying depths and wavelengths tend to result in both enhanced secondary
flows and in residual drilling mud. Short wavelength deep enlargements generally have larger percentage
of residual mud. We then perform a frequency analysis of typical caliper data from Northwest Canada,
showing that the borehole geometry may typically be reconstructed using the lowest 3–5 dominant frequencies.
We present example computations of displacement flows through these geometries. Although the underlying
dynamics are those of more uniform annuli, these computations do reveal in that small changes in geometric
description can lead to noticeable changes in the displacement mechanics, especially in the fluid present at
the walls of the annulus. The conclusion is that borehole irregularity can make a significant difference in
cementing horizontal wells, which are anyway already troublesome.

1. Introduction

variation of cementing parameters was largely absent from these studies, as it remains to this day. Advanced simulation tools were far beyond the computational power of engineering operations, although the
first research studies began to appear (Tehrani et al., 1992; Szabo and
Hassager, 1997; Vefring et al., 1997). Even in this era, the dominant
feature of effective well cementing was geometrical, i.e. controlling the
degree of irregularity: reducing eccentricity/increasing stand-off.
Eccentricity of the annulus affects not only the cement placement
flow, but later the narrower parts of the cement sheath are more
vulnerable to geomechanical stresses and slow chemical invasion, compromising longevity. Annular eccentricity is entirely an operational
consequence. It persists largely due to a combination of cost and
risk factors in running sufficient centralizers. Other wellbore irregularities come from geological origins, or sometimes a combination
of operational and geological. Three common types of irregularities
are: keyseats, washouts, and breakouts which are discussed in detail
in Zhang (2013), Hongqi (2017), Aadnoy and Looyeh (2019). These
irregularities have length scales ranging from 1–10 m along the well.
In comparison with a typical annular gap width in cementing, 2–3
centimetres, these are considered as large scale irregularities.

Primary cementing and well leakage issues are very much in the
public eye. Whereas a few decades ago the main motivation to improve
zonal isolation was related to well productivity, the focus for the
past decade has been on emissions and other environmental or health
consequences, e.g. polluted aquifers, methane emissions, subsurface
ecosystems. Cement sheath integrity affects not only the operational
life of the well, but also serves as a permanent barrier upon well
decommissioning. Every feature of well construction operations that
compromises the effectiveness of this barrier is consequently under
examination. Here we follow the Part I of our study (Renteria et al.,
2021), in exploring the effects of wellbore irregularity on cementing
displacement flows.
Primary cementing fluid displacement has been studied since the
1960’s (Brice et al., 1964; McLean et al., 1967), through a combination
of field case studies, laboratory experiments and mechanical modelling.
By the 1990’s, design principles/rules for vertical wells had been developed and largely accepted (Couturier et al., 1990; Lockyear et al.,
1990). The rationale for these rules was based on field experience and
understanding of one-dimensional (1D) hydraulic-style models. Systematic downhole measurement of cementing operations and/or controlled
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The study of isolated irregularities such as washouts has received
some attention. Enlarged wellbore geometries were included in the
early studies of Clark and Carter (1973), Zuiderwijk (1974), Kimura
et al. (1999), but these studies are not systematic enough to draw
specific conclusions. A more recent in-depth study focuses on a single
washout geometry, from different perspectives (Lund et al., 2018).
Lund et al. conducted experiments on a strongly inclined annulus with
a washout geometry included. These full size experimental results were
compared with both three-dimensional (3D) computations (Skadsem
et al., 2019a) and a two-dimensional gap averaged (2DGA) model
(Renteria et al., 2018, 2019), providing good qualitative agreement.
More recently Skadsem et al. (2019b) conducted full scale yard tests
using standard cement slurries in near horizontal casings with enlarged
washout sections. In practice the effects of the washout on these flows
are difficult to make conclusive statements about. On the one hand
the washout locally reduces eccentricity, which can have a positive
effect. On the other hand, the geometry and flow becomes exceedingly
complex: no longer strictly 2D/narrow, increased buoyancy and inertial
effects, less dominance of viscous shear, etc. Both experiments and 3D
simulations show significant dispersion and mixing.
A different approach is to understand qualitative physical features
that we may expect in such flows, based on simplified model geometries. In this vein Roustaei and coworkers have studied washouts effects
systematically on two-dimensional slices along a vertical well (Roustaei
et al., 2015; Roustaei and Frigaard, 2015). For yield stress drilling fluids, they show that the shape of the washout becomes largely irrelevant
beyond a certain washout depth as it is the stresses in the moving part
of the flow that govern where the yield surface is, separating moving
fluid from that stuck in the depths of the washout. They refer to this
as self-selection of the flowing shape. Another interesting observation
is that increased flow rate may in cases reduce the displacement
efficiency: the streamlines can straighten as the flow rate increases,
by-passing the washout. More recently, Naccache et al. (2018) study a
small scale vertical concentric annulus with an enlarged section computationally, also observing self-selection. Both 2D and 3D displacement
flows in vertical wells with washouts were explored recently by Etrati
et al. (2020).
Of the systematic irregularities that occur, wellbore ovality is probably the most prevalent and particularly for horizontal wells. Ovality
results from a balance of the in-situ stresses in the rock and the
stress concentration after the drilling process. Breakouts (and to some
extent keyseats) can be geometrically represented as wellbore ovality.
There are few studies exploring ovality from the fluid displacement
perspective. Examples of the effect are seen in Lavrov and Torsaeter
(2016). Renteria et al. (2021) study ovality in a more systematic way
using a 2DGA model. In this approach, based on a narrow annulus
approximation, the borehole cross-section is represented as an ellipse.
Two additional parameters arise: the ellipticity and a relative bearing
angle. These combine with the eccentricity to produce a range of
interesting effects, e.g. there can be more than one wide (or narrow)
annular gaps, and these are no longer symmetrically distributed. These
flows tend to be influenced by 3 effects: preference to flow fastest in
the widest gaps; buoyancy, causing slumping opposite to the direction
of buoyancy between fluid pairs; blockage by the yield stress where the
annular gaps is narrow.
Whereas part I of this study (Renteria et al., 2021) explored large
scale effects using a 2DGA model, here we look at small scale effects.
This notion of scale is multi-facetted and discussed later in the paper.
Briefly, by small scale we mean including features that are relevant
on the scale of the annular gap and for which one needs to resolve
the gap-scale fluid dynamics, i.e. these features are averaged away in
the 2DGA approaches. Inertial effects, wall layers of displaced fluid,
dispersion and mixing are all physical phenomena of relevance, which
may be influenced by geometric irregularity. Our study limits itself
to geometric features evident in caliper readings and hence does not

deal with small-scale surface roughness or high frequency features on
length-scales shorter than the typical sampling frequency.
Partly, the reason for this restriction is that the aim is to bridge
between 3D computational simulations of non-Newtonian displacement
flows and 3D geometric borehole reconstruction using caliper measurement. Developing synergy between caliper data and flow simulation
(2DGA or 3D) is an area we feel shows promise for industrial application. Part I reviews the motivations for making this statement in detail.
Briefly, a combination of technological advances make this possible.
Caliper logging technology has advanced through higher resolutions,
more arms, improved downhole data rates (while drilling) and various
logging while tripping techniques (see Part I). Accurate calculation of
cement volumes reduces cost and proper detailed use of geometric data
to improve cement placement reduces both failures and emissions.
Computational advances have been considerable in the past 2
decades. Two dimensional gap-averaged (2DGA) models were developed by Bittleston et al. (2002), Pelipenko and Frigaard (2004a,b), initially used for vertical wells. These models result in designs consistent
with earlier laminar rule-based systems of the 1990’s, but advance forward in considering combined physical effects (Pelipenko and Frigaard,
2004c). Model results compare well with experiments in vertical annuli (Malekmohammadi et al., 2010). These models have been reliably
extended to cover turbulent flows and mixed regimes (Maleki and
Frigaard, 2017, 2018a, 2019). 2DGA models have been used to question
common practices such as effective use of washes (Guillot et al., 2007;
Maleki and Frigaard, 2018b), or excess cement (Jung and Frigaard,
2021). Such models are also increasingly available in service companies and operators. They have been used extensively for case study
analyses (Osayande et al., 2004; Bogaerts et al., 2015; Y. Guo et al.,
2015; Tardy et al., 2017), e.g. comparing with centralization plans
and post placement logging. Carrasco-Teja et al. (2008) extended the
2DGA model to horizontal wells and showed that steady displacement
is possible even for eccentric casing and significant density differences.
Although very successful, 2DGA models also have limitations. In a
recent experimental study (Renteria and Frigaard, 2020), the possibility
of steady displacement in horizontal wells was confirmed. However,
significant gap-scale dispersion is found during displacement. This is
captured well by 3D computations of same experiments (Sarmadi et al.,
2021). Other hybrid 2+D models are also designed to capture dispersion (Tardy and Bittleston, 2016). Motivated by the successes of 3D
computations, in understanding gap-scale effects (Sarmadi et al., 2021)
and in studying washout geometries (Skadsem et al., 2019a; Etrati
et al., 2020), in this paper we use these simulation tools to look at small
scale well irregularity effects on horizontal cementing. The aim is to
systematically study the effects of localized enlargements on displacement flow of horizontal wellbores. In Section 2, we provide a review
of typical caliper data and irregularity measurement. Section 3 gives
an overview of the 3D modelling approach, geometry construction,
and results of mesh refinement computations. Parametric results of
displacements through constructed enlargement profiles are presented
in Section 4. This is followed in Section 5 by a case study in which
displacement flows are studied through a section of horizontal wellbore
reconstructed from caliper data. The paper ends with a discussion of the
results and conclusions in Section 6.
2. Wellbore irregularity and its measurement
In part I of this study (Renteria et al., 2021) we have reviewed
the main causes and classifications of wellbore irregularity, as well as
logging methods and types of caliper. Here our focus is on consistent
generation of three-dimensional (3D) borehole geometries from caliper
readings. At the outset, it should be obvious that there are many
legitimate ways to do this and so really what we offer is a rationale for
what we feel is a reasonable way to handle filtering and geometry reconstruction that will be suitable later for 3D fluid mechanics meshing
and computation.
2
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Fig. 1. Sample of caliper data obtained over 100 m of horizontal well using an 8-arms caliper. Each log shows the borehole diameter measured by a pair of arms tagged: CAL X,
CAL Y, DI2-4, and DI4-8. The black line shows raw data with a resolution of 10 cm. The black straight line shows the size of drilling bit. The dashed line indicates 1.1× bit size.

Fig. 2. Corresponding diameter pair (𝐷̂ 𝑚𝑎𝑥 &𝐷̂ 𝑚𝑖𝑛 ), from the data of Fig. 1, used to reconstruct the elliptical geometry.

In this study, we use typical diameter measurements recorded by
an 8-arm caliper. A sample of caliper data reading with 8 arms for a
real wellbore is shown in Fig. 1. The data presented in Fig. 1 is taken
from a 1455 m lateral production section in the Montney formation
of Western Canada. The readings include two sets of perpendicular
diameters (CAL X, CAL Y & DI2-4, DI4-8) and the measured depth. The
separation between each arm is 45◦ . Usually, the azimuthal position of
one referenced arm is known, so that the rest can be determined. Other
recorded data are the relative bearing and the wellbore inclination,
required to orient the well in 3D. Our focus is on the horizontal section
of the wellbore. The thin black straight line shows the drill bit size (here
157 mm), which is the target wellbore diameter. The thin black broken
line shows 1.1× bit size, which is used as a guide to the eye in locating
extreme enlargements. The resolution of the caliper reading along the
well is 10 cm.
To construct the wellbore geometry, we assume that cross sections
of the wellbore are elliptical, defined at each depth by one set of
perpendicular caliper diameters and oriented according to the relative
bearing angle. To choose the corresponding set, we find the maximum
diameter (𝐷̂ 𝑚𝑎𝑥 ) among CAL X, CAL Y, DI2-4, and DI4-8, and pick
the accompanying perpendicular diameter as the minimum diameter
(𝐷̂ 𝑚𝑖𝑛 ). The assumption of an elliptical cross-section means that certain
asymmetric defects (e.g. key seats) may not be well represented. Fig. 2
shows the diameters 𝐷̂ 𝑚𝑎𝑥 &𝐷̂ 𝑚𝑖𝑛 , generated from the data of Fig. 1.

From Fig. 2, elliptical cross sections could be reconstructed directly
from 𝐷̂ 𝑚𝑎𝑥 &𝐷̂ 𝑚𝑖𝑛 . However, the data can also be smoothed further
to eliminate unnecessary noise in data readings by the caliper. We
discuss reasons for doing so below in Section 2.1. For this purpose,
we use frequency analysis employing the discrete Fourier transform.
The resolution of the caliper reading is 10 cm giving a spatial Nyquist
frequency 5 m−1 . Fig. 3 shows the spatial frequency analysis of 𝐷̂ 𝑚𝑎𝑥
and 𝐷̂ 𝑚𝑖𝑛 from Fig. 2. For each of those, the first four frequency
modes with highest power are identified. Evidently, the low frequencies
have higher power and we consequently filter the data based on these
dominant frequencies to build a smoothed geometry.
Fig. 4 shows the raw and filtered data of Fig. 2, reconstructed
using single lowest frequency (Fig. 4a) and using the first four low
frequencies (Fig. 4b). The reconstruction of filtered 𝐷̂ 𝑚𝑎𝑥 and 𝐷̂ 𝑚𝑖𝑛 uses
the data from the frequency analysis of Fig. 3. We see that the lowest
frequency is able to capture enlarged sections but not the extreme and
sudden variations in geometry. However, using the four dominant frequencies captures all the variations remarkably well, deemed sufficient
for construction of the 3D computational geometry.
There can of course be geographic variations in geology that might
require more/less dominant frequencies. However, in geologically similar regions we expect the procedure to be robust. Fig. 5 shows spatial
frequency analysis of a caliper reading for 9 wellbores taken from lateral production sections in the Montney formation of Western Canada,
3
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Fig. 3. Frequency analysis of a sample caliper data of Fig. 2 for (a) 𝐷̂ 𝑚𝑎𝑥 and (b) 𝐷̂ 𝑚𝑖𝑛 . First 4 frequencies with highest power are denoted using blue arrows.

Fig. 4. Caliper data filtration using high power frequencies of Fig. 3 for a 100 m section of an irregular wellbore geometry of Fig. 2, 𝐷̂ 𝑚𝑎𝑥 and 𝐷̂ 𝑚𝑖𝑛 by considering (a) 1 low
frequency, (b) 4 low frequencies.

the frequencies 𝑓𝑠 ≥ 1 m−1 effectively have no power. The discrete
Fourier analysis simply gives a systematic way in which a filtering
and reconstruction protocol could be automated for caliper data being
linked to computational study.
Interestingly the rationale for filtering is different here than in part
I, (Renteria et al., 2021). In Renteria et al. (2021) we used a gapaveraged 2D model, which only resolved gap-averaged velocities and
concentrations in the azimuthal and lengthwise directions. In part of
that model derivation (Maleki and Frigaard, 2017), various scaling
arguments were used which mean that only variations over distances
larger than the gap-scale should be resolved, i.e. it may resolve azimuthal features over a circumferential length-scale, but not smaller.
In this setting the rational for filtering is to smooth/average higher
resolution features, regardless of origin.
For the 3D computations here, we can resolve the gap-scale fluid
dynamics given a suitably fine mesh. However, here we want to resolve
what are real effects. The mean annular gap is typically 2 − 3 cm, but
potentially much narrower locally in highly eccentric horizontal wells.
If one is to allow noisy data from a caliper reading that may vary
with an amplitude of the order of say 1 − 3 mm, this represents a
significant variation in annular gap and have a significant effect on the
local fluid dynamics. However, looking at Fig. 3 we see that the power
is basically zero as we approach the Nyquist limit, and over a wide

i.e. similar to the data set we have explored in detail above. The resolution of the caliper reading is again 10 cm with the Nyquist frequency of
5 m−1 . The figure shows the high power frequencies which are mainly
low frequencies (𝑓̂𝑠 ≤ 0.6). Fig. 5b expands the region of dominant very
low frequencies in more detail. The high power frequencies for these 9
wellbores are 𝑓̂𝑠 = 0.02, 0.05, 0.085, 0.2, 0.3, 0.57 m−1 . These frequencies
are each calculated using a 95% confidence interval about the highest
power frequency. Evidently, these cover similar ranges and represent
length-scales significantly larger than the sampling frequency. Some of
these values may represent geophysical features and others potentially
operational (drilling) practices. In all cases however, reconstruction
of a filtered geometry using the lowest 4 frequencies produces results
similar to Fig. 4b.
2.1. Filtering, resolution, rugosity and roughness
In part I of the current study (Renteria et al., 2021), a Gaussianmoving-average filter was used to smooth the caliper readings. In this
study, we use high power frequencies to filter the data and find the
effective length scales to model local irregularities. For this particular
data, the (1 m) moving-average filter of part I, (Renteria et al., 2021),
would have been similarly effective, as we can see in e.g. Fig. 3 that
4
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using 3D simulation, and in particular to consider irregularities typical
of caliper readings in horizontal sections. In our model problem the
nominal outer radius of the annulus (̂𝑟𝑜 ) is taken from the bit size,
and 𝑟̂𝑖 is the outer radius of the casing. The eccentricity is defined as
𝑒 = 𝛥̂𝑟∕(̂𝑟𝑜 − 𝑟̂𝑖 ), where 𝛥̂𝑟 is the vertical difference between the centre
of the outer and inner pipes (measured positive in the downwards
direction). For an acceptable mesh resolution in reasonable timescales,
we are limited to about 2 casing stands (≈ 20 m). We thus assume that
𝑟̂𝑖 and 𝑒 are constant for simplicity. With regard to the outer radius of
the annulus, we use 2 methods. First, we study the problem systematically by exploring effects of small scale enlargements of an otherwise
uniform annulus (Section 4). Secondly, (in Section 5) we construct a
(filtered) borehole geometry direct from the caliper measurement, as
discussed in Section 2. As we have seen, we can have radii varying
both above and below the nominal.
In place of a full sequence of fluids, here we consider only 2
fluids: fluid 2 displaces fluid 1. Even simplified displacement models in
uniform annuli are governed by > 10 dimensionless parameters, which
means some simplification is needed. Here we do this by restricting the
rheologies studied. The fluid densities are 𝜌̂1 and 𝜌̂2 , their viscosities
are 𝜇̂ 1 and 𝜇̂ 2 . Fluid 1 is however a Bingham plastic fluid, with yield
stress 𝜏̂𝑦 and fluid 2 is a Newtonian fluid. More general would be 2
Herschel–Bulkley fluids (at the expense of 3 additional parameters).
The Newtonian–Bingham restriction still allows us to study the effects
of a mud yield stress (i.e. wet microannuli and mud channels), to consider viscosity ratio effects and buoyancy. These are the key parameters
of importance.

Fig. 5. (a) Frequency analysis of a caliper data of 9 wellbores. + and ◊ represent
corresponding data for 𝐷𝑚𝑎𝑥 and 𝐷𝑚𝑖𝑛 , respectively. (b) Expanded view of low
frequencies, 0 ≤ 𝑓̂𝑠 ≤ 0.1..

3.1. Computational model
range of frequencies. This suggests that any high frequency variation is
not real and should therefore be filtered out.
This is not to deny that rugosity/undulations on the scale of the
annular gap may occur due to geological or operational reasons. Where
these do occur, it is notable in the single phase studies of Roustaei
et al. (2015), Roustaei and Frigaard (2015) that the shorter wavelength
deeper undulations trap more drilling mud. In this context, the 10 cm
sampling length of the caliper is approaching a long wavelength for
the gap-scale dynamics. The answer is probably not to increase caliper
resolution (see Fig. 3 already), but to think of other means of assessing gap-scale rugosity. Having done so, 3D computations or localized
experiments may be an excellent way of exploring how displacement
flow features such as wet micro-annuli (Allouche et al., 2000; Zare
et al., 2017; Zare and Frigaard, 2018) are disrupted. Below the scale of
annular gap rugosity/undulations, we also mention that wall roughness
is present but generally neglected in computational studies.
Lastly, a supplementary reason for frequency analysis and constructing a smoothed geometry of minimal adequate frequency is computational. In both 2D and 3D simulations, a major challenge is to represent
an increasing length of wellbore, given that the smallest length-scale
dictates the smallest mesh dimension, i.e. azimuthal for 2D and gapscale for 3D. Regular rectangular meshes perform increasingly poorly
as the aspect ratio becomes progressively long and thin. In particular
3D multi-phase (displacement) flow computations are computationally
expensive (more so with non-Newtonian rheologies common of drilling
muds and cement slurries). Thus, eventually the push towards longer
lengths for wellbore computation will lead to adaptive meshing and domain decomposition strategies, confining high resolution to regions of
mixed flow and interfaces, for example. Feeding into such computations
should also be geometric data on irregularity, determining maximal
lengths to limit coarse meshes in adaptive strategies.

To resolve the displacement flow, the Navier–Stokes equations are
solved computationally. We model the two fluids with a volumetric
concentration (𝐶) of the displacing fluid 2. This is tracked using a
volume-of-fluid (VoF) method. The field equations are:
(
)
𝜕 𝐮̂
̂ 𝐮 = −∇
̂ 𝑝̂ + ∇
̂ ⋅ 𝝉̂ + 𝜌̂
𝜌̂
+ 𝐮̂ ⋅ ∇̂
̂𝐠,
(1)
𝜕 𝑡̂
̂ ⋅ 𝐮̂ = 0,
∇
𝜕𝐶
̂ = 0.
+ 𝐮̂ ⋅ ∇𝐶
𝜕 𝑡̂

(2)
(3)

In (1)–(3), and elsewhere, the ̂⋅ accent denotes a dimensional variable.
̂ are defined using the properties of
The density and stress tensor (𝝉)
each fluid and linear interpolation with respect to 𝐶. As the intent
is only to explore 3D effects, to complement part I, rather than a
systematic parametric study, we will mostly use dimensional variables
in the paper. However, we also give some dimensionless variables so
that the flow regimes are understandable. To this end we define the
Reynolds number (𝑅𝑒) as:
̂ 𝜇̂ 2 .
𝑅𝑒 = 𝜌̂2 𝑊̂ 0 𝑑∕
where 𝑊̂ 0 is the mean displacement velocity and 𝑑̂ = (̂𝑟𝑜 − 𝑟̂𝑖 )∕2.
The entire domain is initially filled with mud (concentration 𝐶 = 0),
and an inlet concentration 𝐶 = 1 is imposed for 𝑡 > 0. For boundary
conditions we use no-slip on the walls for the velocity and no flux
for the concentrations. At the inlet a uniform velocity profile of the
Newtonian fluid 2 is prescribed. At the outlet, zero-gradient boundary
conditions are applied (fully developed flow); see Fig. 6. We have used
RheoTool (Pimenta and Alves, 2017) to discretize and solve for the
displacement flow. This software is a fork of the standard, validated
and widely used OpenFOAM1 software, used by both industry and

3. Methodology
As explained in Section 1, the main aim of this paper is to explore
eccentric annular displacement flows related to primary cementing

1

5
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Fig. 6. Schematic of the displacement flow domain.

academia. RheoTool includes solvers improved specifically for nonNewtonian fluids. To model the Bingham plastic fluid we use the
Papanastasiou regularization model:
𝜇̂ 𝑒,𝑟 = 𝜇̂ +

and long enough to result in a fully developed flow at entry and exit.
Then there are 5 enlarged sections with different wave amplitudes:
𝑎̂ = (2%, 5%, 10%, 15%, 20%) × 𝑟̂𝑜 . The domain is also created and studied
for 4 different enlargement wavelengths, 𝜆̂ = 0.1, 0.25, 0.5, 1 m, as
̂ The
illustrated. The scaled wavelength is characterized by 𝛿 = 𝑟̂𝑜 ∕𝜆.
scaled wave amplitude is characterized by ℎ = 𝑎∕̂
̂ 𝑟𝑜 . Note that since
the annular gap is relatively narrow, these amplitudes range from being
insignificant to being of similar size to the annular gap width. The
smallest enlargement (assumed to be the least disruptive) is positioned
first. Unless stated otherwise, we fix the parameters: (𝜌̂1 , 𝜇̂ 1 , 𝜇̂ 2 , 𝜏̂𝑦 ) =
(1400 kg/𝑚3 , 0.01 Pa s, 0.012 Pa s, 10 Pa) and 𝑅𝑒 ≈ 324. When we
study a density difference we change 𝜌̂2 .
Figs. 11a,b show the effect of enlargements wave amplitude on
the displacement flow in a concentric annulus at 𝑡̂ = 28 s. The wave
amplitude increases from left to right with fixed wavelength 𝛿 = 0.312.
The displacement is described by the fluid concentration: black shows
the displaced fluid. Fig. 11a shows the concentrations in top and bottom
vertical planes through the annular gap. Also displayed is the isosurface 𝐶 = 0.5 (the grey body). In Fig. 11b we have zoomed in to
the enlargement regions (deleting the uniform sections in between). We
show also the streamlines, coloured according to scaling with the mean
axial velocity. Unyielded fluid is shown by a grey region. At some of
the enlargements we observe a residual wall layer emerging at the inner
casing wall. This feature has been observed by Etrati et al. (2020), in
vertical annuli displacement flows. We observe that early in the annulus
the streamlines are mainly parallel but this changes as the enlargement
amplitude grows. Coupled with this we see changes in symmetry of the
flow. The flow is mainly symmetric for small wave amplitudes, ℎ ≤ 0.1,
but the symmetry breaks for higher amplitude enlargements resulting
in strong secondary flows. The secondary flows do seem to aid removal
of the mud in part of the annulus, i.e. the static residual regions do not
extend all around the annulus. However, there are significant regions
of static residual mud in the enlargements.
As the density difference is increased, the heavier displacing fluid
tends to slump to the bottom of the annulus due to buoyancy (Fig. 11c).
This results in significantly increased regions of residual mud in the
upper part of the annulus, particularly downstream in the larger amplitude enlargement (Fig. 11d). Fig. 12 shows snapshots of the displacement flow of Fig. 11c,d at successive times. Again the grey body
shows the iso-surface 𝐶 = 0.5, and the scaled axial velocity is shown
on equally spaced slices. The top and the bottom gap are coloured by
concentration field. We can observe some static residual wall layers
of mud near the start of the annulus and through the low amplitude enlargement. The larger amplitude enlargements again induce
secondary flows, but these are insufficient to mobilize the mud later
in the flow. Figs. 12c,d are basically identical, showing that for 𝑡̂ ≥ 15 s
(in this example) the unyielded mud is barely displaced. The heavier
low viscous fluid slumps and moves rapidly under the mud along the
bottom of the annulus. In this case, we cannot say that the dynamics
are due to the enlargements as we commonly have slumping flows.
Fig. 13 shows the displacement flow in the concentric annulus with
local enlargements with different wave amplitudes and wavelengths
after pumping two annulus volumes of the displacing fluid. The combination of fluid properties results in a slumping flow in all cases similar
to Fig. 12. Hence, we only show the displacement along the bottom side
of the enlargements. In this figure, from left to right the wavelength

𝜏̂𝑦 [
]
̂̇ 𝛾̂̇𝜖 ) ,
1 − exp(−𝛾∕
𝛾̂̇

where 𝛾̂̇ and 𝛾̂̇𝜖 are the rate of strain and the regularization rate of
strain, respectively. For the flow we consider here we define the latter
̂ for 𝜖 ≪ 1, i.e. having regularization parameter 𝜖 ≪ 1,
via: 𝛾̂̇𝜖 = 𝜖 𝑊̂ 0 ∕𝑑,
implies that yielding behaviour occurs at strain rates small relative to
the advective strain rate.
We have used the same computational tool recently (Sarmadi et al.,
2021) to study annular displacement flows for 2 Newtonian fluids,
directly related to the laboratory experiments reported in Renteria
and Frigaard (2020). We found very good agreement across a wide
range of flow regimes. Here we model full-size sections of well, have
non-Newtonian fluids and borehole irregularity to contend with.
To study mesh convergence we solve a displacement flow in a 3D
eccentric annulus using different mesh sizes; see Fig. 7. The physical parameters are (𝑒, 𝑅𝑒, 𝜌̂1 , 𝜌̂2 , 𝜏̂𝑦 , 𝜇̂ 2 , 𝜇̂ 1 ) = (0.28, 44.55, 1500 kg/m3 ,
1550 kg/m3 , 10 Pa, 0.04 Pa s, 0.1 Pa s) and the annulus properties
are 𝑟̂𝑜 = 0.078 m, 𝑟̂𝑖 = 0.06 m, and 𝐿̂ = 20 m. The mesh sizes
are: 12 × 32 × 600 (mesh 1), 15 × 40 × 600 (mesh 2), 18 × 48 × 600
(mesh 3), and 24 × 64 × 600 (mesh 4), all in 𝑟̂, 𝜃, 𝑧̂ directions. We
also explore the regularization parameter used in the Papanastasiou
model: 𝜖 = 3 × 10−5 , 3 × 10−6 . In Fig. 7(a) we see the displacement
front represented by the iso-surface 𝐶 = 0.5 at a time 60 s after the
start of the flow. Inside the grey shaded surface, 𝐶 ≥ 0.5. Fig. 7(b)
shows a cross-section of the annulus as the front passes. In Figs. 7(c)–
(e), the results show good agreement and only marginal improvement
after mesh 3 and for 𝜖 ≥ 3 × 10−5 . Consequently, in all computations
below, we use the same mesh density as mesh 3 and we set 𝜖 = 3×10−5 .
As well as resolving the layered structure of a displacement flow in
the cross-section, it is important to consider axial resolution. Figs. 8 & 9
present the effect of axial resolution on the displacement flow. For the
same fluid and geometrical properties of Fig. 7, we fix the cross-section
mesh size at 18 × 48 in (̂𝑟, 𝜃), and test different numbers of cells in the
𝑧-direction.
̂
For the lowest resolution (200 cells in 𝑧-direction), we see
some poor resolution of the front. For this resolution note that we have
high aspect ratios in the cells and particularly near the walls. For the
higher axial resolution the effects are minimal. Although, the front is
slightly sharper for the 1200-axial mesh, the computational time also
increases significantly and therefore we adopt the 600-axial mesh.
4. Parametric results
We now present results in which we systematically vary the geometry of the borehole enlargements, as well the eccentricity and fluid
density difference. A key difficulty with studies such as this is the large
number of dimensionless parameters in the problem. We have already
discussed our restrictive fluid rheologies and rationale. Here we devise
a method for studying many geometries at once. We use the simple
computational domain shown in Fig. 10. The outer wall has circular
cross section with average radius of 𝑟̂̄𝑜 = 0.078 m and inside is placed a
uniform circular cylinder (the casing, 𝑟̂𝑖 = 0.06 m), which is positioned
concentrically in this figure. The initial and last sections are uniform
6
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Fig. 7. The mesh size study of a displacement flow in an eccentric annulus with (𝑒, 𝑅𝑒, 𝜌̂1 , 𝜌̂2 , 𝜏̂𝑦 , 𝜇̂ 2 ∕𝜇̂ 1 ) = (0.28, 44.55, 1500 kg/m3 , 1550 kg/m3 , 10 Pa, 0.4). The annulus properties
are 𝑟̂𝑜 = 0.078 m, 𝑟̂𝑖 = 0.06 m, and 𝐿̂ = 20 m. (a) The displacement flow: grey shaded region represents the iso-surface 𝐶 = 0.5 at 𝑡̂ = 60 s. (b) Sample of a cross section at 𝑧̂ = 10 m
and 𝑡̂ = 60 s (mesh 1). (c) Concentration variation across wide annular gap (shown by a red dashed line in (b)) at 𝑧̂ = 10 m for different mesh sizes and regularization parameter;
mesh 1: 12 × 32 × 600, mesh 2: 15 × 40 × 600, mesh 3: 18 × 48 × 600, and mesh 4: 24 × 64 × 600 in 𝑟̂, 𝜃, 𝑧̂ directions. (d) Axial velocity profile across wide annular gap at 𝑧̂ = 10 m
for different mesh sizes and regularization parameter. (e) Shear rate variation across wide annular gap at 𝑧̂ = 10 m for different mesh sizes and regularization parameter. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. The mesh size study of a displacement flow in an eccentric annulus with (𝑒, 𝑅𝑒, 𝜌̂1 , 𝜌̂2 , 𝜏̂𝑦 , 𝜇̂ 2 ∕𝜇̂ 1 ) = (0.28, 44.55, 1500 kg/m3 , 1550 kg/m3 , 10 Pa, 0.4). The displacement flow:
grey shaded region represents the iso-surface 𝐶 = 0.5 at 𝑡̂ = 15 s for (a) mesh 1: 18 × 48 × 200, (b) mesh 2: 18 × 48 × 400, (c) mesh 3: 18 × 48 × 600, and (d) mesh 4: 18 × 48 × 1200 in
𝑟̂, 𝜃, 𝑧̂ directions.
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Fig. 9. The mesh size study of a displacement flow in an eccentric annulus with (𝑒, 𝑅𝑒, 𝜌̂1 , 𝜌̂2 , 𝜏̂𝑦 , 𝜇̂ 2 ∕𝜇̂ 1 ) = (0.28, 44.55, 1500 kg/m3 , 1550 kg/m3 , 10 Pa, 0.4). The displacement flow in
the wide gap of the annulus of Fig. 8: blue shaded region represents the concentration field in the wide upper gap at 𝑡̂ = 15 s for (a) mesh 1: 18 × 48 × 200, (b) mesh 2: 18 × 48 × 400,
(c) mesh 3: 18 × 48 × 600, and (d) mesh 4: 18 × 48 × 1200 in 𝑟̂, 𝜃, 𝑧̂ directions. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Fig. 10. Schematic of a concentric annulus with small enlargements with different wave amplitudes of 𝑎̂ = (2%, 5%, 10%, 15%, 20%) × 𝑟̂𝑜 .

Fig. 11. Displacement flows in a concentric annulus with small enlargements with wavelength of 𝛿 = 0.312 and wave amplitude of ℎ = 0.02, 0.05, 0.1, 0.15, 0.2 from left to right at
𝑡̂ = 28 s. The displacement is shown by the concentration, black shows the displaced fluid. (a) 𝛥𝜌̂ = 0 kg/m3 and the grey body shows the iso-surface 𝐶 = 0.5 and the top and
the bottom gap are coloured by concentration field. (b) 𝛥𝜌̂ = 0 kg/m3 and streamlines are coloured by scaled axial velocity and the unyielded mud is shown by a grey region.
(c) 𝛥𝜌̂ = 50 kg/m3 and the grey body shows the iso-surface 𝐶 = 0.5 and the top and the bottom gap are coloured by concentration field. (d) 𝛥𝜌̂ = 50 kg/m3 and streamlines are
coloured by scaled axial velocity and the unyielded mud is shown by a grey region. (For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)
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Fig. 12. Displacement flows in a concentric annulus (̂𝑟𝑖 = 0.057, 𝑟̂𝑜 = 0.078 m) with small enlargements with different wave amplitudes of ℎ = 0.02, 0.05, 0.1, 0.15, 0.2 and 𝛿 = 0.312.
(a) 𝑡̂ = 5 s, (b) 𝑡̂ = 10 s, (c) 𝑡̂ = 15 s, and (d) 𝑡̂ = 20 s. Fluid properties are 𝜌̂1 = 1400 kg/m3 , 𝜇̂ 1 = 0.01 Pa s, 𝜏̂𝑦 = 10 Pa, 𝜌̂2 = 1450 kg/m3 , 𝜇̂ 2 = 0.012 Pa s. The grey body shows
the iso-surface 𝐶 = 0.5, the scaled axial velocity is shown on equally spaced slices. The top and the bottom gap are coloured by concentration field. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 13. Displacement flows in a bottom side of concentric annulus with small enlargements after pumping two annulus volumes of the displacing fluid. From left to right the
scaled wavelength is 𝛿 = 𝑟̂𝑜 ∕𝜆̂ = 0.078, 0.0156, 0.312, 0.780 and from top to bottom the scaled wave amplitude is ℎ = 𝑎∕̂
̂ 𝑟𝑜 = 0.02, 0.05, 0.10, 0.20. Fluid properties are 𝜌̂1 = 1400 kg/m3 ,
𝜇̂ 1 = 0.01 Pa s, 𝜏̂𝑦 = 10 Pa, 𝜌̂2 = 1450 kg/m3 , 𝜇̂ 2 = 0.012 Pa s. The displacement is shown by the concentration, black shows the displaced fluid. Streamlines are coloured by scaled
axial velocity. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

decreases. From top to bottom the scaled wave amplitude increases. We
see that the streamlines are mostly parallel for small ℎ and 𝛿. Secondary
flows are stronger for high values of 𝛿 and ℎ which result in vortices
within the enlargements and static residual mud.
It is interesting to reflect on earlier two-dimensional studies in the
context of these results. Firstly, Roustaei et al. (2015) studied a single
phase flow past enlargements of different amplitude, wavelength and
shape. Interestingly, for deep enlargements the actual shape was not
particularly important as the yield stress fluid self-selects its flowing
area. As with Fig. 13, it is also shown by Roustaei et al. (2015) that
higher wave amplitude and smaller wave length result in vortices and
eventually unyielded mud layer. In the displacement context, the occurrence of residual static wall layers that we have seen at the beginning
of our annuli is also studied by Wielage-Burchard and Frigaard (2011)
for iso-dense fluids and by Zare et al. (2017), Zare and Frigaard (2018)

for density differences. Our iso-dense displacement (Fig. 11a,b) gives a
note of caution for this type of study. Although the longitudinal slice
is computationally convenient, we see that here secondary flows arise
even without density differences. These might be triggered by inertial
symmetry breaking, by the adverse viscosity ratio, or by a geometric effect of the larger amplitude enlargements. In any case, the 2D studies of
Wielage-Burchard and Frigaard (2011) clearly have physical limitations
to their validity. Regarding the buoyant displacements of Zare et al.
(2017), Zare and Frigaard (2018), these are oriented vertically and
hence probably valid as an approach for small eccentricity and narrow
gaps; see also Etrati et al. (2020) for 3D comparisons. In horizontal
wells, given the complexities illustrated so far, it is hard to see how the
2D approach could be used.
Fig. 14 shows the effect of eccentricity and density difference on
the displacement efficiency in the enlargements of Fig. 12, with ℎ =
9
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Fig. 14. Effects of density difference and eccentricity on the displacement efficiency, 𝜂, in local enlargements with different wave amplitudes, ℎ = 0.02, 0.05, 0.1, 0.15, 0.2 and
𝛿 = 0.312 at 𝑡̂ = 28 s. (a) 𝑒 = 0, (b) 𝑒 = 0.3, and (c) 𝑒 = 0.7. Fluid properties are 𝜌̂1 = 1400 kg/m3 , 𝜇̂ 1 = 0.01 Pa s, 𝜏̂𝑦 = 10 Pa, 𝛥𝜌̂ = 0, 50, 200 kg/m3 , 𝜇̂ 2 = 0.012 Pa s.

0.02, 0.05, 0.1, 0.15, 0.2 and 𝛿 = 0.312 at 𝑡̂ = 28 s. The displacement
efficiency is defined as the ratio of the volume of the displaced mud
in an enlargement to the total volume of the enlargement, 𝜂 = 𝑉̂2 ∕𝑉̂𝑡 .
Fig. 14a shows the variation of displacement efficiency versus the wave
amplitude for different density differences, 𝛥𝜌̂ = 0, 50, 200 kg/m3 in
a concentric annulus, 𝑒 = 0. It shows that displacement efficiency
generally reduces by increasing the wave amplitude. However, there
are competing effects for larger wave amplitudes, which can improve
displacement efficiency due to promotion of secondary flows. Increasing the density differences reduces the efficiency, as expected due to the
slumping flow. However, it can also happen that the slumping effect
becomes dominant and the flows follow the same path, e.g. both of
𝛥𝜌̂ = 50, 200 kg/m3 have similar path and efficiency.
Fig. 14b shows the variation of displacement efficiency versus the
wave amplitude for different density differences, 𝛥𝜌̂ = 0, 50, 200 kg/m3
in an eccentric annulus with 𝑒 = 0.3. We can see that the displacement
efficiency for small density differences are low and almost the same
for different wave amplitudes due to the top displacement flow. High
density difference improves the displacement efficiency significantly.
In this case, the eccentricity promotes a top side displacement flow,
whereas the density difference induces slumping flow. So, the proper
balance of these two parameters can result in a uniform displacement.
Fig. 14c shows the variation of displacement efficiency versus the wave
amplitude for different density differences, 𝛥𝜌̂ = 0, 50, 200 kg/m3 in
an eccentric annulus with 𝑒 = 0.7. We can see that the displacement
efficiency for small density differences are low but higher than 𝑒 =
0.3 and it decreases as ℎ increases. We see negligible improvement
for higher wave amplitudes. In this case, high density difference, 𝛥𝜌̂
improves the displacement efficiency significantly similar to Fig. 14b
and the efficiency is reasonable and almost the same for different ℎ.
̄ of the displaceFig. 15 shows radially-averaged concentration 𝐶,
ment flow in eccentric annuli with enlargements of varying wave
amplitudes, shown at 𝑡̂ = 28 s. The radially-averaged concentrations

gives a clearer picture of where the residual fluid is and can be compared with 2DGA model results. The azimuthal position is measured
from the top side of the well and the azimuthal coordinate is descaled
as 𝜙 = 𝜃∕𝜋. Types of flow can be seen in this figure for different
eccentricity and density differences. In Fig. 15, fluid properties are
the same as Fig. 14. In (a) we have 𝑒 = 0.3 with different 𝛥𝜌̂ and in
(b) we have 𝑒 = 0.7 with different 𝛥𝜌.
̂ The black dashed line shows
where 𝐶̄ = 0.5 and the vertical white lines depicts the positions of
the enlargements. The wave amplitude of bumps increases from left to
right. Fig. 15a shows that increasing 𝛥𝜌̂ changes the flow from top side
displacement to a slumping flow. It is interesting that viewed in terms
of the enlarged vs uniform sections, there are only marginal changes in
the gap-averaged concentration at 𝑒 = 0.3.
Fig. 15b shows the radial-averaged concentration for 𝑒 = 0.7 and
different 𝛥𝜌̂ = 0, 50, 200 kg/m3 . We can see that the flow is top side
displacement for all three cases. However, for high 𝛥𝜌̂ the flow shifts
toward the middle of the annulus and residual mud can be seen near
the top (𝜙 = 0, 2). The interface is barely affected by enlargements and
seems smoother than cases with 𝑒 = 0.3. This is the reason that we see
almost constant displacement efficiency in Fig. 14c.
Fig. 16 shows more detail of the secondary flow across a concentric
annulus with an enlargement with 𝛿 = 0.312 and ℎ = 0.1. We
show cross-sections that are positioned before, within, and after the
enlargement, at 𝑡̂ = 28 s. The unyielded mud is presented by a grey
region and the yield surface is computed by plotting where 𝜏̂ = 𝜏̂𝑦 .
Arrows show the secondary flow scaled with the dimensionless mean
velocity. Due to the slumping flow, there is unyielded mud in the top
of the annulus. Fig. 16a presents the flow at 𝑧̂ = 3.9 m, before the
enlargement. The flow is mainly axial and the secondary flow is very
weak. Fig. 16b presents the flow at 𝑧̂ = 4.2 m, within the enlargement.
The strong secondary flow is visible, but paradoxically we see that the
unyielded region is expanded in comparison to Fig. 16a. This is because
of the increased cross section area. Fig. 16c presents the flow at 𝑧̂ =
10
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̄ of an eccentric annulus with enlargements with different wave amplitude ℎ = 0.02, 0.05, 0.1, 0.15, 0.2 and 𝛿 = 0.312 at 𝑡̂ = 28 s. Fluid
Fig. 15. Radial-averaged concentration, 𝐶,
properties are similar to Fig. 14. (a) 𝑒 = 0.3 with different 𝛥𝜌̂ and (b) 𝑒 = 0.7 with different 𝛥𝜌.
̂ The black dashed line shows 𝐶̄ = 0.5 and white dashed line depicts bumps positions.
The wave amplitude of bumps increases from left to right.

4.4 m, after the enlargement, where again the near-axial flow resumes.
Fig. 16d presents the side view of the enlargement with streamlines
shown in the bottom side where there is a flow.
Fig. 17 shows another detailed secondary flow in cross-sections
taken along the enlargement (again with 𝛿 = 0.312 and ℎ = 0.1). Here
however, we take an eccentric annulus, 𝑒 = 0.3, with modest density difference for which the displacement is on the top side. Fig. 17a presents
the flow at 𝑧̂ = 3.9 m, upstream of the enlargement. It shows that the
flow is mainly axial and the secondary flow is very weak. Fig. 17b
presents the flow at 𝑧̂ = 4.2 m, within the enlargement. The stronger
secondary flow is visible and again we can see that the unyielded
region is expanded in comparison to Fig. 17a. Fig. 17c presents the
flow at 𝑧̂ = 4.2 m, after the enlargement. Similar to Fig. 17a, the flow
is again nearly axial and the area of the unyielded mud decreases.
Fig. 17d presents the side view of the enlargement with streamlines
shown in the top side where there is a flow. In comparison with
Fig. 16, secondary flows are smaller due to the eccentric configuration.

We can see that eccentricity increases the unyielded mud region and
consequently accelerates the flow axially and reduces the secondary
flows.
5. Case study using caliper data
We now look at the effects of a real borehole geometry (from the
caliper readings), on the fluid–fluid displacement. Earlier in Section 2
we looked at caliper data and filtering mostly from the geometric perspective. We argued that using a filtered borehole reconstruction would
allow us to remove pseudo-random variations that, although of small
amplitude with respect to the hole diameter, might be significant on
the scale of the annular gap. Thus, we recommended a reconstruction
based on the lowest 4 frequencies.
Evident in the previous section is that the geometry affects the
flow significantly. We now carefully explore the effects of the filtered
geometry on the displacement flow. We take a 20-m section of uneven
11
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Fig. 16. Secondary flow in a concentric annulus with an enlargement of 𝛿 = 0.312 and ℎ = 0.1 at 𝑡̂ = 28 s. Grey region shows the unyielded mud. Secondary flow is shown at (a)
before the enlargement (𝑧̂ = 3.9 m), (b) within the enlargement (𝑧̂ = 4.2 m), and (c) after the enlargement (𝑧̂ = 4.4 m). (d) Side view of the enlargement. Streamlines are shown
where there is a flow and is coloured by scaled velocity. Arrows show the secondary flow scaled with the dimensionless velocity. Concentration field is shown by a green scale.
Fluid properties are 𝜌̂1 = 1400 kg/m3 , 𝜇̂ 1 = 0.01 Pa s, 𝜏̂𝑦 = 10 Pa, 𝜌̂2 = 1450 kg/m3 , 𝜇̂ 2 = 0.012 Pa s. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

wellbore (due to long computational times of the 3D calculations).
Fig. 18 shows the raw and filtered data considering 1, 2, 3 or 4 of the
lowest frequencies from the caliper data to reconstruct the borehole.
The first low frequency is not able to capture the extreme changes.
However, two dominant frequencies can capture much of the variation
and this improves with more frequencies.
The wellbore geometry is reconstructed using the filtered data of
Fig. 18. We assume that the relative bearing angle along the wellbore
is uniformly zero: the maximum diameter of the cross-sections are thus
perpendicular to gravity. The casing radius is 𝑟̂𝑖 = 0.057 m. The casing
is placed eccentrically with 𝑒 = 0.5. Fig. 19 shows the radially-averaged
concentration of the displacement flow in the reconstructed filtered
geometries, at 𝑡̂ = 70 s. A panel showing the ellipticity, 𝜀, which is
2 ∕𝐷
̂2
defined as 𝜀2 = 1 − 𝐷̂ 𝑚𝑖𝑛
𝑚𝑎𝑥 is also shown for each cases. It is
evident that this is a top side displacement. The dominant feature is
the narrow side mud channel. Some differences among geometries can
be observed, such as the thick residual mud layer in the top side at
𝑧̂ = 9 m: present when 1 or 2 frequencies are used for the geometry
but absent with higher resolution. We see that the concentrations are
fairly similar between the 3 and 4 dominant frequency reconstructions.
However, the small differences in geometry due to the filtering do affect

the positioning and evolution of thin residual mud layer along the top
side, which is hard to see.
Fig. 20 shows the fluid concentrations present on the wall of the
wellbore (black colour presents the drilling mud). These are for the
same 4 reconstructed geometries using filtered data and are also shown
at 𝑡̂ = 70 s. We again see that the flow is a top side displacement.
Surprisingly however, we see that there are longitudinal streaks of
displacing fluid, even around to the narrow side in all but the higher
resolution reconstruction. Note that the reconstructions using less dominant frequencies (Figs. 20a& b) are more uniform axially and resemble
the uniform elliptical cross-sections that were studied in part I (Renteria
et al., 2021). The combination of ellipticity and eccentricity moves
the widest parts of the annulus away from the top. The fluids flow
preferentially in the widest gap, but also there is more space for buoyancy driven flow at the top of the annulus. Presumably, some gravity
currents manage to penetrate down to the bottom of the annulus.
Overall, the other notable thing from this figure is that the fluid at
the wall is displaced rather slowly and unevenly in all cases. From the
perspective of representing the caliper geometry, we still see slight differences with the 3 and 4 mode reconstructions. For these (Figs. 20c&
d), the breakouts have similar amplitudes (ellipticity) to Figs. 20a&
b, but the changes along the well are more rapid. Presumably this
12
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Fig. 17. Secondary flow in eccentric annulus (𝑒 = 0.3) with an enlargement of 𝛿 = 0.312 and ℎ = 0.1 at 𝑡̂ = 28 s. Grey region shows the unyielded mud. Secondary flow is shown
at (a) before the enlargement (𝑧̂ = 3.9 m), (b) within the enlargement (𝑧̂ = 4.2 m), and (c) after the enlargement (𝑧̂ = 4.4 m). (d) Side view of the enlargement. Streamlines are
shown where there is a flow and is coloured by scaled velocity. Arrows show the secondary flow scaled with the dimensionless velocity. Concentration field is shown by a green
scale. Fluid properties are 𝜌̂1 = 1400 kg/m3 , 𝜇̂ 1 = 0.01 Pa s, 𝜏̂𝑦 = 10 Pa, 𝜌̂2 = 1450 kg/m3 , 𝜇̂ 2 = 0.012 Pa s. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

roughness improves the displacement by inducing secondary flows.
Really what these results show is that the displacement is very sensitive
to the geometry. Of course, one should try to use as accurate a geometry
representation as possible, made from the caliper data. However, from
the fluid displacement perspective each of these geometries shows
interesting features.

the annulus (breakthrough time), after which the efficiency approaches
a constant value. In the case of drilling muds with high yield stress,
this means that the displacing fluid finds a preferred path based on
fluid properties and geometry of the wellbore (and residual mud). As
observed in Fig. 21, the higher density difference results in slumping
flow and higher displacement efficiency since a larger part of the mud
channel on the narrow side is mobilized.

5.1. Buoyancy effects
5.2. Relative bearing angle
We now explore the effects of buoyancy on the displacement flow.
We take the geometry and fluid properties of Fig. 19d and adjust
the density difference only. Fig. 21 shows the results at 𝑡̂ = 70 s.
By increasing the buoyancy, patches of residual mud appear along
the top side of the annulus in the breakout regions. Higher density
difference results in the slumping flow as expected. However, there is
still significant residual mud on the narrow side due to the presence of
the yield stress and the eccentricity (Fig. 21c).
Fig. 22 shows the variation of displacement efficiency in time
for different density differences. The displacement efficiency here is
defined as the ratio of the volume of the displaced mud to the total
volume of the well, 𝜂 = 𝑉̂2 ∕𝑉̂𝑡 . It shows that the efficiency increases in
time with a constant slope until the displacing fluid reaches the end of

To explore the effect of the relative bearing angle (𝜙0 ), we rotate the
cross sections uniformly along the annulus. Fig. 23 shows a schematic
of the cross section of a rotated well with a non zero 𝜙0 = 𝜃0 ∕𝜋. In this
figure, two other quantities, 𝛿̂𝑥 and 𝛿̂𝑦 are depicted in the figure. The
ratio of 𝛿̂𝑥 ∕𝛿̂𝑦 is used as an indicator of the ratio of the gap thickness
in the direction of gravity to the perpendicular direction. There is no
particular significance to this ratio and other geometric parameters
could be used. As 𝜙0 is varied for the same 𝑒 and borehole geometry,
the ratio 𝛿̂𝑥 ∕𝛿̂𝑦 varies significantly in an irregular borehole.
Fig. 24 shows the radially-averaged concentrations from the displacement flow for the same geometry and fluid properties of Fig. 19d
with different values of 𝜙0 at 𝑡̂ = 70 s. A panel showing variation
13
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Fig. 18. Caliper data filtration using high power frequencies for a 20 m section of an irregular wellbore geometry, 𝐷̂ 𝑚𝑎𝑥 and 𝐷̂ 𝑚𝑖𝑛 by considering (a) 1 low frequency, (b) 2 low
frequencies, (c) 3 low frequencies, and (d) 4 low frequencies.

in 𝛿̂𝑥 ∕𝛿̂𝑦 is also shown for each cases. We can see by increasing 𝜙0
from zero, the ratio 𝛿̂𝑥 ∕𝛿̂𝑦 initially reduces. The rotation imposes extra
asymmetry to the flow. It should be noted that each of these figures
have the same ellipticity and the variation in the ratio 𝛿̂𝑥 ∕𝛿̂𝑦 is all
due to the relative bearing angle. We observe more wavy interfaces
in Figs. 24b&c. This is the result of both asymmetry and the onset
of instability. Due to the reduced ratio of 𝛿̂𝑥 ∕𝛿̂𝑦 in Figs. 24b&c, the
thickness of the annular gap around the lower narrower part of the
annulus becomes more uniform in comparison with the case with 𝜙0 =
0. Given the significant yield stress, we see that the residual mud layer
widens azimuthally. Apart from the geometric variations, the instability
evident near the interface could also be driven by the mechanically
unstable density configuration.
Fig. 25 shows cross-sections of the displacement flow for the same
cases as in Fig. 24 at positions 𝑧̂ = 9 m and 𝑧̂ = 11 m where the
ratio of 𝛿̂𝑥 ∕𝛿̂𝑦 is maximum and minimum for the case with 𝜙0 = 0
at 𝑡̂ = 70 s. The grey area shows the unyielded mud layer which is
calculated by 𝜏̂ ≤ 𝜏̂𝑦 . The coloured region shows the normalized axial
velocity, |1 − 𝑊̂ ∕𝑊̂ 0 | and the solid black line shows the iso-line 𝐶 = 0.5.
It shows that the flow is asymmetric in all cases due to the secondary

flows, and due to the asymmetric geometry for cases with non-zero 𝜙0 .
The mud layer is unyielded in the narrow gap and around the bottom
of the annulus because of the eccentric geometry and the yield stress
of the mud. The axial velocity is high in the wider gap and its location
depends on the balance of the geometry and the density difference. It
is apparent that the symmetry is lost.
5.3. Local irregularity
We finally explore the effect of local irregularity, as opposed to
uniform irregularity. First, let us note that the 20 m length considered is
representative of variations in eccentricity due to centralization, so in
essence annulus uniformity is always limited over these length-scales.
However, here the dominant wavelengths have been shorter, as seen in
Fig. 18. Therefore, the question is how much does this local irregularity
affect the displacement? Thus, we construct a uniform circular borehole
and a uniform elliptical borehole (with ellipticity of 𝜀 = 0.4121), both
with the same volume as the borehole in Fig. 19d. The ellipticity is
evaluated as the ratio of the averaged 𝐷̂ 𝑚𝑎𝑥 to the averaged 𝐷̂ 𝑚𝑖𝑛 .
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Fig. 19. Radial-averaged concentration of a reconstructed case study geometry using (a) 1 low frequency, (b) 2 low frequencies, (c) 3 low frequencies, and (d) 4 low frequencies
at 𝑡̂ = 70 s with 𝑒 = 0.5 and 𝑧̂ = 4150 − 4170 m. Fluid properties are 𝜌̂1 = 1400 kg/m3 , 𝜇̂ 1 = 0.01 Pa s, 𝜏̂𝑦 = 10 Pa, 𝜌̂2 = 1450 kg/m3 , 𝜇̂ 2 = 0.012 Pa s.

Fig. 26 shows the radially-averaged concentration of the displacement flow in the equivalent uniform boreholes, compared to that in
the original non-uniform elliptical well, i.e. also for the same fluids
and flow rates etc. It seems that the ellipticity can improve the overall
displacement by inducing secondary flows and by the increased gap
thickness on the sides. Interestingly, a wavy interface can be seen
in the uniform circular well, which shows the onset of instability.
This instability is reduced by adding ellipticity to the geometry. The
irregular well results in more dispersion at the interface because of
the stronger secondary flows. It is perhaps slightly less effective at
displacing for this example.

on the effects of wellbore irregularity of forms measurable by present
day calipers. The investigation follows 3 directions. First, a frequency
analysis of typical caliper readings to identify systematic and significant
geometrical variations. Secondly, we have looked at displacements
through a regular geometry in which we have constructed enlargements
along the walls of varying depth or wavelength. Thirdly, we have
explored similar displacements through geometries reconstructed from
caliper readings.
Before summarizing the main points of our study, we acknowledge
a certain disconnect between the second and third directions above.
The two directions are connected via the frequency analysis of typical
(caliper) irregularities, in that the systematic study of Section 4 is
faithful to the ranges of lengths and amplitudes. The caliper readings
and fluid properties used in the displacements are somewhat typical
of those used for unconventional gas wells in NW Alberta/British

6. Discussion and conclusions
We have presented a 3D study of annular displacement flows using
fluid properties relevant for primary cementing, with the main focus
15
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Fig. 20. Concentration colourmap on the wall of the wellbore of a reconstructed case study geometry using (a) 1 low frequency, (b) 2 low frequencies, (c) 3 low frequencies,
and (d) 4 low frequencies at 𝑡̂ = 70 s with 𝑒 = 0.5 and 𝑧̂ = 4150 − 4170 m. Fluid properties are 𝜌̂1 = 1400 kg/m3 , 𝜇̂ 1 = 0.01 Pa s, 𝜏̂𝑦 = 10 Pa, 𝜌̂2 = 1450 kg/m3 , 𝜇̂ 2 = 0.012 Pa s. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 21. Radial-averaged concentration of a reconstructed geometry of Fig. 19d for (a) 𝛥𝜌̂ = 50 kg/m3 , (b) 𝛥𝜌̂ = 100 kg/m3 , and (c) 𝛥𝜌̂ = 200 kg/m3 at 𝑡̂ = 70 s with 𝑒 = 0.5 and
𝑧̂ = 4150 − 4170 m. Fluid properties are 𝜌̂1 = 1400 kg/m3 , 𝜇̂ 1 = 0.01 Pa s, 𝜏̂𝑦 = 10 Pa, 𝜇̂ 2 = 0.012 Pa s.
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the high frequencies have more power and consequent fluctuations of
a few millimetres are significant on the gap-scale. An exploration of
other geologies and of gap-scale effects would be worthwhile.
Regarding our results of displacements through constructed enlargement geometries, there are 2 main effects. First, there is the trend of
increased residual drilling mud in shorter and deeper enlargements.
This is intuitive, but has not been studied before in the context of 3D
displacement flows. Second, we have seen an increase in secondary
flows and instability with the inclusion of irregularity. Both these
effects can be viewed as additional to the underlying competition in
primary cementing: between buoyancy and eccentricity. As so many
real horizontal displacements have significant density differences and
significant eccentricity, top side or narrow side slumping/stratification
is common. This aspect has to be accounted for before enlargement
effects can be understood, i.e. self-evidently we might expect the displacement efficiency of an enlargement to be quite different in a slump
flow than with a top-side displacement. Perhaps a more systematic
and broader study of rheology, density and flow rate effects in these
enlargement geometries would be productive.
Regarding the displacement flows through hole geometries direct
from caliper readings, surprising to us was the sensitivity of the results
to the geometry reconstruction used. From the simulation perspective,
every geometry constructed is a legitimate borehole. To the eye there is
not a great difference between 3 and 4-mode borehole reconstructions,
but the displacement results are noticeably different. Perhaps the only
conclusion here is that resolution matters and various scale irregularities are important. The follow on to this is, what practical use can such
studies be put to?
From an industrial perspective, in Renteria et al. (2021) we discussed large-scale irregularity in detail and in particular issues related
to cement volumes/excess, which were a combination of economic,
regulatory and environmental. What then are the more local effects
in horizontal boreholes? First, in geomechanically active regions, we
rely on the cement compressive strength to give structural stability.
If irregularity leads to irregular coverage or contamination (soft cement), the structural aspects are compromised. Similarly, anti-corrosion
isolation also suffers from uneven cement, reducing the lifetime of
the production casing. Thirdly, although one might argue that zonal
isolation is not important for the horizontal, provided the vertical
casings are effectively sealed. This is not the case. In the regions of
our study, many wells are pad drilled and multistage fracked. Well
productivity is driven by stimulated rock volume. Therefore if fracks are
not initiating transversely in new sections of rock along the horizontal
wellbore then the operator is essentially wasting money to frack the
same spot or worse, to longitudinally frack their own wellbore simply
due to poor cement coverage in the annulus. Although pad-drilling
has led to reduced numbers of dry-holes, borehole proximity in an era
of increasing frack intensity also carries with it geomechanical risks
to neighbouring wells that are not well understood. Better cementing
leads to better fracking, as well known in the industry.
However, better cementing and fracking also has a local aspect.
Operations such as orientated perforating in the casing will be improved if operators can place perforations where they know cement
coverage is probabilistically better then they are likely to get better
frack initiation and stimulated rock volume. Similarly for positioning
of frack plugs and packers, i.e. to ensure that the perforation and frack
initiation occur properly isolated. Lost frack stages cost millions of
dollars of wasted production. The other area where local information
can be exploited is in centralization. Generally speaking, centralization
is poor in horizontal wells due to risk mitigation, i.e. avoiding stuck
pipe and other issues of running casing. Certainly there is a need
for a smart and cost-effective solution that allows significantly more
centralization than is current. If that existed we could focus seriously
on coupling caliper readings with centralization strategies, to mitigate
irregularity effects on cement quality. Ultimately having caliper and
thermal logs helps operators to make intelligent decisions subsurface.

Fig. 22. Effects of density difference on the displacement efficiency, 𝜂. Properties are
similar to Fig. 21.

Fig. 23. Schematic of the cross section of a rotated well with 𝜙0 = 𝜃0 ∕𝜋 to denote 𝛿̂𝑥
and 𝛿̂𝑦 .

Columbia over the past decade. As always this adds specificity, but we
feel that there are widely applicable conclusions for similar horizontal
wells. While Section 4 sought to extract results that can be compared
with the earlier work on enlargements (e.g. Roustaei et al. (2015),
Roustaei and Frigaard (2015)), the results in Section 5 are intentionally
exploratory in nature. The wide range of complex phenomena observed
is perhaps alarming for those concerned with design of cementing
displacements, but we must first appreciate the full complexity before
attempting to simplify. The marriage of caliper data to 3D displacement
flow simulation is allowing us to see this complexity, for the first time.
The frequency analysis has identified that most of the power is
held in the lowest 3–5 frequencies. These are generally well below
the sampling frequency of the caliper. Thus, much of the variation
below length-scales of ≈ 1 m has very low power. This coincides with
our earlier approach in Renteria et al. (2021), where we applied an
averaging filter. Here we have neglected the (high) frequencies outside
of the dominant ones, which has advantages in meshing of the axial
wellbore direction. Although these higher frequencies have effectively
zero mean, this is not to say that they have no influence on cementing
operations. In the first place, running casing is likely to be negatively
affected by having a rough hole, and is already problematic in long horizontal boreholes. Secondly, there may be geological conditions where
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Fig. 24. Radial-averaged concentration of a reconstructed geometry of Fig. 19d for (a) 𝜙0 = 0, (b) 𝜙0 = 1∕6, and (c) 𝜙0 = 1∕3 at 𝑡̂ = 70 s with 𝑒 = 0.5 and 𝑧=
̂ 4150 − 4170 m. Fluid
properties are 𝜌̂1 = 1400 kg/m3 , 𝜇̂ 1 = 0.01 Pa s, 𝜏̂𝑦 = 10 Pa, 𝜌̂2 = 1450 kg/m3 , 𝜇̂ 2 = 0.012 Pa s. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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Adding cement placement analysis to this information, brings this to
a new level. It remains uncertain whether operators can seize the
opportunity to leverage this information and will utilize it for cheaper
onshore wells.
From the computational perspective, there remain issues. As noted,
there is sensitivity of the computations to the geometry and consequently one should exercise extreme caution in coarsening the mesh.
In the radial direction we have seen wall layers and residual mud
within enlargements. There are significant azimuthal flows and axial
flow development. Axial geometry variations (from the irregularity)
and concerns on loss of resolution, should limit mesh size increases.
Our computations were performed using an open source code with good
parallelization properties and were run on local machines, typically
using 40 cores and lasting 1 day to simulate 20 m sections. This scale
of computation is reasonably useful and comfortable to perform. In
moving to a full wellbore (e.g. 3000 m), preserving the same mesh
resolution, the issue is that the timing scales at best with the length
squared. Naively, both the number of meshpoints and the length of
simulated time (to displace the full length), will scale with length.
Computations lasting 1502 × 1 days are not likely to be performed.
In a uniform geometry, one might hope that the flow complexity is
concentrated around the interface, so that a mesh adaptivity strategy
could drastically reduce the mesh size away from the interface. With
local irregularity this is not clear that this would work as the geometry
itself disrupts the flow. Thus, a length limitation is likely for the
immediate future. Full wellbore simulation could be performed using
the 2DGA model of Part I.
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Fig. 25. Effect of 𝜙0 on the displacement flow: top row (a,b,c) shows the cross section at 𝑧̂ = 9 m for 𝜙0 = 0, 1∕6, 1∕3 and bottom row (d,e,f) shows the cross section at 𝑧̂ = 11 m
for 𝜙0 = 0, 1∕6, 1∕3. Grey region depicts the unyielded mud layer at 𝑡̂ = 70 s. Black line shows the iso-line 𝐶 = 0.5 and the colorbar presents the normalized axial velocity. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 26. Radial-averaged concentration of (a) circular uniform cross section, (b) elliptical uniform cross section with 𝜀 = 0.4121, and (c) non-uniform cross sections from
𝑧̂ = 4150 − 4170 m at 𝑡̂ = 70 s with 𝑒 = 0.5. Fluid properties are 𝜌̂1 = 1400 kg/m3 , 𝜇̂ 1 = 0.01 Pa s, 𝜏̂𝑦 = 10 Pa, 𝜌̂2 = 1450 kg/m3 , 𝜇̂ 2 = 0.012 Pa s.
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