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ABSTRACT
We study the effect of borehole ovalization and large-scale irregularities during primary cementing of a
horizontal section of well. We use a two-dimensional gap-averaged model that can compute the displacement
within varying annular geometries: both eccentric and elliptic. We study displacement of a drilling mud by
a spacer within both, elliptical-uniform cross-sections and those which vary irregularly in the axial direction,
based on field caliper measurements. The combination of eccentricity and ellipticity adjusts the azimuthal
positioning of the wide and narrow gaps producing a variety of characteristic behaviours, e.g. the front may
advance in the form of 2 peaks at off-centre positions. The irregularities can induce additional azimuthal flow
when compared to uniformly circular wellbores. In cases when the displaced mud has a significant yield stress,
the displacement can leave patches of residual mud at the top of eccentric horizontal wellbores: not usually
found without ellipticity.

1. Introduction
By its nature, primary cementing is an operation that is difficult
to evaluate post-execution. Pressure tests give little information on
local effectiveness. Depending on well type and criticality of the casing/liner being cemented, running cement bond logs may be rare. The
information yielded is often ambiguous and logging behind multiple
casings is ineffective. These factors increase the importance of effective
design and execution. The focus of this paper is on fluid displacement
mechanics, which is an important part of primary cementing, although
it is acknowledged that well integrity defects may also evolve over
a time frame much longer than the cementing operation from other
causes.
Primary cementing fluid displacement mechanics has been a subject
of study since the 1960s (Brice et al., 1964; McLean et al., 1967). By the
1990’s fairly well researched design principles had been developed and
accepted, based on a mix of both field experience and understanding of
one-dimensional (1D) hydraulics-style models (Couturier et al., 1990;
Lockyear et al., 1990). These principles are still largely applied to vertical wells and perceived as being effective. Two significant changes since
the 1990s are as follows. (i) The shift to horizontal wells (dominant in
many regions) has required a rethinking of cementing design principles
developed for vertical wells. (ii) The growth in computing power has

made more sophisticated mathematical models readily available for
design engineering purposes, in particular 2D and 3D simulation tools.
Issues with horizontal well cementing were identified long ago (Sauer,
1987). From the fluid displacement perspective 2 key features are: (a)
casings tend to be strongly eccentric; (b) density differences which
are a key part of effective displacement in vertical wells, promote
stratification not stabilization.
Regarding computational tools, up until 10–15 years ago most
cementing design software relied on 1D hydraulics simulations that focused on well security (pore-frac pressure considerations) and encoded
some version of rule-based principles. Two dimensional gap-averaged
(2DGA) approaches stem from the modelling, computation and analysis
of Bittleston et al. (2002), Pelipenko and Frigaard (2004a,b). Targeted
initially at vertical wells, these models have been shown to produce
designs that are consistent with earlier laminar rule-based systems of
the 1990’s, but are less conservative in that they consider combined
physical effects, and not rules in isolation (Pelipenko and Frigaard,
2004c). These models have been extended to cover turbulent flows and
mixed regimes with success (Maleki and Frigaard, 2017, 2018a, 2019)
and been used to question common practices such as the effective use of
washes (Guillot et al., 2007; Maleki and Frigaard, 2018b). These methods are widely available in different service companies and operators,
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3D disruptions, e.g. those coming from centralizers or casing collars.
The multi-scale nature of wellbore irregularity, as discussed, makes
comprehensive study hard and the few studies of irregularity have
focused on specific features.
Early work on cementing by Clark and Carter (1973), Zuiderwijk
(1974) recognized the potential importance of washouts on affecting
primary cementing. These and the experiments of Kimura et al. (1999),
which included washout geometries, are amongst the first studies but
only give results of a few specific yard tests. A systematic study of
washouts effects, on a long two-dimensional slice along the well axis
has been made by Roustaei et al. (2015), considering only a single
fluid flow. They show that the actual shape of the washout becomes
largely irrelevant beyond a certain washout depth, i.e. the flowing
fluid selects its own path, leaving behind static fluid in the depths.
Interestingly, increasing the flow rate (Roustaei and Frigaard, 2015)
does not always improve the ability of the flow to mobilize mud in
deep washouts. Instead, the streamlines tend to straighten and by-pass
the washout. Preliminary results of washout displacement flows appeared in Roustaei (2016). More recently, Naccache et al. (2018) have
conducted a computational study in a small scale vertical concentric
annulus with an enlarged section, focusing on low flow rates (Reynolds
numbers: 0 ∶ 001 < 𝑅𝑒 < 50). In Etrati et al. (2020) this approach is
extended to displacement flows, both 2D and 3D. They study vertical
wells and show that while density differences have a beneficial effect,
flow rate effects are quite ambiguous as they tend to induce mixing in
the washout rather than complete displacement.
A series of experiments in a strongly inclined model washout geometry were performed by Lund et al. (2018). These were compared with
both 3D computational fluid dynamics simulation results (Skadsem
et al., 2019a), and with results of a 2DGA model (Renteria et al.,
2018, 2019). Both models gave qualitatively accurate comparisons
with the experiments and these studies gave many insights into the
effects of a single washout on horizontal/strongly inclined wells. More
recently this study was extended to full scale yard tests using standard cement slurries in near horizontal casings with enlarged washout
sections (Skadsem et al., 2019b).
Our study here is the first we know of to systematically consider
the effects of wellbore oval irregularity on cementing displacements.
Our paper is timely in 3 respects. First as reviewed above, we are in an
era where effects of this irregularity may be studied computationally
due to the availability of advanced tools. Secondly, we have seen rapid
increases in the amount of geometric data that can be made available,
potentially fast enough to be used for design. Calipers with 8 or 16
arms are becoming common, either as separate logging runs or even
while tripping. Rapid download and transmission of data from the
wellsite, in situ processing, high sample rates, better downhole power
and data rates (e.g. up to 300 W and 500 kB/s), have led to high
resolution caliper data either in real-time or on timescales feasible for
the information to be included into design. Our supplementary material
contains an example movie of such 3D borehole reconstruction.
Thirdly and perhaps most importantly, there is an appetite within
the industry to tackle topics of well integrity that derives from both
regulatory initiatives and environmental concerns, within the industry
and public. Within progressive regulatory jurisdictions and between
operators, there is an increased tendency to record more data and to
allow shared access. Extended data collection and analysis is certainly
the flavour of the month in the industry. Specifically with regard to
cementing, we can hope that regulators progressively require recording
of cement fluid rheology data, centralization used and available caliper
logs. A future where a well is logged while tripping and an accurate
hole volume is calculated on the fly to determine necessary excess
cement volumes, is feasible and close.
Then there is the question of what is being done to counter perceived problems of irregularity. As hinted above, pumping excess cement volume is a standard procedure. In Canada 20% excess is a

and used systematically for both investigative purposes and exploring
design questions (Bogaerts et al., 2015; Su et al., 2015; Cadogan et al.,
2018; Heu et al., 2018; Tardy et al., 2017).
The 2DGA approach and analysis was extended to horizontal wells
by Carrasco-Teja et al. (2008), who show that even with significant
density differences and eccentricity, it should be possible to achieve
a steadily travelling displacement front. Recent experiments (Renteria
and Frigaard, 2020) confirm this and agree at least qualitatively with
the background theory. However, they also show that in horizontal
annuli we can experience significant dispersion during displacement.
This is not captured by standard 2DGA approaches, but it is found in
3D simulations of the same experiments (Sarmadi et al., 2021a), as well
as in hybrid ‘‘2+D’’ models such as that of Tardy and Bittleston (2016).
The key point of these newer 2DGA models that are now common,
is that we are able to explore more facets of cementing operations
and integrate this knowledge into better designs. One area where the
increased dimensionality of simulations tools can have impact is in the
study of geometric irregularity. Such features cannot be accounted for
in simple hydraulic rule-based systems. This is the focus of this paper.
Geometrical irregularities can result from a combination of geology
and/or drilling/completion operations. Well eccentricity is the most
common and well-studied anomaly. Since the earliest studies (McLean
et al., 1967), eccentricity has been known to be largely detrimental to
mud removal. However, the actual eccentricity of casings in cemented
wells is not documented and there are few reliable ways of measuring
directly. A variety of centralization models are used for design and
these often do not agree (Guillot et al., 2008). Well eccentricity has an
axially-irregular pattern, depending on the borehole drilled, the type of
centralizer and on how the centralizers are run in hole. While models
such as those in API (2015) are simple to run and give favourable
results, more physically realistic models using the stiff string approach
(Tardy et al., 2017; Skadsem et al., 2017) often show large axial
variations and poor centralization in build and horizontal sections.
Eccentricity is just one illustration of the coupling of geology and
drilling or completion operations. Another irregularity that is not well
explored from the fluid displacement perspective is wellbore ovality;
see only Lavrov and Torsaeter (2016). Ovality results from a balance
of the in-situ stresses in the rock and stress concentration after the
drilling process. There are 3 common types of irregularities: keyseats,
washouts and breakouts (Hongqi, 2017). Keyseats are asymmetric oval
holes resulting from wear against the drill string at depths where the
inclination of the well changes. Washouts are overall enlargements
in the diameter of the hole. This anomaly is especially found in unconsolidated zones and dipping beds. Breakouts are symmetric oval
enlargements resulting from compressive shear fracturing in a preferential direction (see Fig. 1). The enlargement is oriented in the direction
of the minimum horizontal stress in the formation. It is intuitive to
imagine that in horizontal wellbores, the lithostatic pressure would
create the enlargement perpendicularly to the wellbore axis. However,
because of rock anisotropy this is not always the case; in fact, breakouts
may be used to estimate horizontal in situ stresses (Hongqi, 2017;
Aadnoy and Looyeh, 2019; Zhang, 2013).
The irregularities above may have length-scales that vary from
1–10 m. Given the typical annular gap width in cementing, of a
few centimetres, these irregularities may be regarded as large-scale
and/or long wavelength. As such, they are suitable for study using
approaches such as the 2DGA model. Note that eccentricity variations
are also common over these scales. On the small scale, the texture
of the borehole wall leads to rapid variations of the diameter often
referred as rugosity or bad-hole. Although rugosity is closely related
with the type of formation (poorly consolidated formation tends to be
rougher), drilling practices can exacerbate the situation. Rugosity can
be observed on caliper and image logs, depending on the sampling
frequency. Rugosity has also a detrimental effect on the response of
other logging measurements not covered here. On similar length-scales,
cementing displacement flows also need to contend with other locally
2
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Fig. 1. Breakout illustration. a) Three-dimensional borehole breakout view from acoustic borehole image. b) Schematic figure showing stresses in a breakout. The major axis is
parallel to the orientation of the minimum horizontal principal stress.
Source: Figure reproduced from Pierdominici et al. (2020) with permission.

2. Wellbore irregularity and metrics

recommended minimum (AER, 2020; DACC, 2017). However, in looking at well records, excess in the range 40%–100% on different stages
of a well are also regularly found. The excess is intended to account
for some leak-off, some out of gauge hole, etc., and so can depend
significantly on the geology and drilling practice. However, cement
excess is a complex trade-off between cost, regulations and perceived
benefits. Regarding cost, this is threefold. (a) Pumped volume costs
money. (b) Excess cement at surface has costly disposal protocols to
be followed (AER, 2019). (c) Cement is heavily Carbon positive (1
tonne of dry cement = 1.25 tonne C02). (d) While the volumes in
well cementing are minor compared to the construction industry at
large, oil and gas is a highly visible industry: Environment, Social
and Governance (ESG) issues such as this affect investment metrics
which influences management. Countering the desire for cost reduction
via reduced volumes are (i) engineering constraints on ensuring good
cement coverage, and (ii) regulatory requirements that the volumes
guarantee a minimal height for the top position of the cement in the
annulus (AER, 2020), e.g. ensuring protection of groundwater from the
well.
While the regulatory aspect is clear, displacement issues are less so.
In an effective displacement operation, we expect that pumping more
cement than the amount estimated for one annular volume (i.e. cement
excess) will improve the efficiency further. However, in horizontal
holes geometric defects tend to be more systematic, so that the cement
excess can be easily insufficient in a long horizontal hole. If one is to
pump an increased volume, we should be sure that the cavity is being
fully displaced or we have simply increased the cement volume without
any gain in well integrity. Specific to horizontal wells, displacement
flows tend to stratify according to buoyancy. If the irregularity means
that residual fluid is left behind systematically, where it would be displaced in a uniform borehole, then the integrity is compromised. This is
particularly true for an unconventional production casing that is to be
multi-stage fractured (as common in Western Canada). Patchy cement
in the horizontal allows the pressurization to propagate longitudinally
along the vulnerable cement-casing interface. Long-term, patchiness
also leaves the casing exposed to corrosive reservoir fluids, shortening
the life of the well.
Now to the study at hand. Here we target large scale irregularity
features that may be modelled using a 2DGA approach. A companion
paper looks at 3D effects. Our focus is also on horizontal wells, where
borehole ellipticity is common. The aim is to understand approximately
how irregularity features may affect typical horizontal cementing displacement flows. The paper starts in Section 2 with a review of typical
caliper data and borehole variations. Section 3 gives an overview of
the 2DGA modelling approach and explains how this is extended to
elliptical annular geometries. Our first results in Section 4 are targeted
at uniform intervals of horizontal annuli and the effects of ellipticity
on displacement. We start from simple concentric annuli and build the
complexity. The second results in Section 5 considers then how this is
affected by axially varying geometries as measured by calipers. Finally,
we discuss and summarize our results in Section 6.

Logging is a fundamental aspect of a wellbore’s life. During exploration, different logging techniques allow to identify key information
on the formation type, dip, porosity, location and amount of fluids
in the reservoir. This ability to target the production of hydrocarbons
was a game changer for the early oil and gas industry when the first
electric sonde was run in 1927 (Hongqi, 2017). Once the wellbore
is complete, logging is performed to assess cement bond quality, stability of borehole wall, flow rate, and other fluids properties in pipe
or formation. A caliper belongs to the former group of well logging
techniques. Its purpose is to measure the diameter of the borehole along
the wellbore’s path. The device uses a number of mechanical arms
(1, 4, 8, or more) perpendicular to the tool’s axis. During a standard
procedure, the instrument is lowered inside the drilled borehole and,
as it is pulled out, the arms extend to continuously measure the distance
from the wall to the centre of the tool. Measurements taken by 4arms calipers record 2 borehole diameter at 90 degrees; these are
typically labelled CAL X and CAL Y. The opening and closing of arms is
controlled by resistance changes in an integrated potenciometer. Other
ways to determine the borehole size involve the use of imaging tools
(not covered here). Measuring the hole’s diameter is useful to calculate
volumes of cement, correct other logging measurements when these
are affected by variations of mud volume, and to determine mud-cake
thickness. The caliper log can also give qualitative information on the
lithology.
Although the caliper itself is a mature technology, its use and
potential applications are relevant to today’s needs. Firstly, caliper
data can serve for reducing rates of surface casing vent flow and gas
migration as part of a climate change action plan. In NRC (2019),
one of the proposed ways to improve well construction practices include running open-hole caliper logs in all wells to identify areas of
washout or narrowing. These are important for planning additional
centralization, and as a reference aid to determine remediation locations in the event of leakage. Secondly, another aspect to consider is
how the fast paced environment in well logging technologies greatly
influence feasible targets. For example, the combination of logging
systems introduced in late 1980s, measurement-while-drilling (MWD)
and logging-while-drilling (LWD), allowed applications of directional
drilling: an indispensable tool for the advent of horizontal wellbores. It
is thus easy to picture how rapid transmission of large digital signals
combined with ever-increasing high performance computing (HPC)
may allow to integrate geometry/logging data with 2D and 3D cement
simulations. Consequently, increasing the probability of success in
complicated jobs.
To exemplify use of the imported borehole geometry in 2DGA
cementing simulations in Section 5, we introduce and examine typical
diameter measurements recorded by an 8-arm caliper. The data presented in Fig. 2 is taken from a 1425 m (4675 ft) lateral production
3
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3. Modelling primary cementing displacements

section in the Montney formation of Canada. Each track corresponds to
the diameter measured by one of the 4 pairs of arms labelled: CAL X,
CAL Y, DI 2–6 and DI 4–8. The pairs CAL X and CAL Y are perpendicular
to each other, likewise DI 2–6 and DI 4–8; thus the separation between
each arm is 45◦ . Usually, the azimuthal position of one referenced arm
is known, so the rest can be determined. The log corresponds to 1000
m of horizontal well with data measured every 10 cm. Due to the large
amount of points, logs are typically printed scaled. Here the data is
shown in light grey and the black solid line illustrates the irregular
trend along the interval.
Observing the black curve in Fig. 2 we notice that diameter variations in CAL Y and DI 4–8 are much smaller compared to CAL X
and DI 2–6. Caliper logs are used to identify washouts, keyseats and
breakouts in industrial settings as follows (see Fig. 3). In the case
of washouts, when plotting the data from the orthogonal pairs of
arms, both measurements are broadly larger than the bit size. When
looking at a key seat, the radii measured by each arm in a pair is not
symmetric: the arm in contact with the enlargement will systematically
record a larger radii; while the other, radii smaller than the bit size.
The industrial identification of breakout from a log, has a more strict
criteria (Hongqi, 2017): (i) the caliper ceases to rotate; (ii) the larger
caliper should exceed hole gauge, (iii) the smaller caliper should not
be less than hole gauge (as in a keyseat); (iii) the caliper difference has
to exceed bit size by 10%; and, (iv) the zone of elongation should be
greater than 1.5 m. The reasoning behind these thresholds (10% and
1.5 m) is not clear. The difference in diameters from CAL X and CALY
in Fig. 2, is up to 25% larger than the bit size; a value well above
what is apparently considered substantial by the industrial guidelines.
Enlargements are particularly evident at about ∼(4100–4300) m and
∼(4500–4600) m. Besides, the lengths of the enlargements are also
quite diverse; from a couple to tens of metres. Perhaps the identification
criteria (iii) and (iv) is an interpretation of wall rugosity, in which case
we wish to attenuate.
Assume we are interested in simulating the cementing of the interval
(4180–4280) m. We define the rugosity as variations occurring within
1 metre. This length is also consistent with the 2D model as explained
later in the paper. The rugosity is treated as a form of noise estimated
by passing a Gaussian-moving-average filter with a 1 m window over
the selected interval. The filter will attenuate sharp variations taking
sampling within the window size as a reference. The difference between
the raw data and the filtered data, reported in Fig. 4 is our estimated
wall rugosity. As observed in Fig. 4, the variation is maximum about
±10 mm, even for the less irregular measurements from arms CAL Y
and DI 4–8. Any smoothing must be done very carefully after reflecting
what is the relevant characteristic length that one wishes to preserve.
Fig. 5 shows the measured diameter distribution for each pair of
arms after filtering of rugosity. CAL Y and DI 4–8 (Fig. 5 b&d) have
narrow range and the mean is close to the bit size (156 mm). This
distribution suggests the borehole is in-gauge. CAL X and DI 2–6 (Fig. 5
a&c) have a wider range with diameters going up to ∼200 mm. The
broad distribution suggests multiple enlargements of different sizes
across the interval, with an average diameter ∼10% larger than the bit
size.
To further visualize the severity of the enlargements, we have
selected 2 pair of arms, CAL X and CAL Y, and identified the maximum
and minimum diameter. Fig. 6a presents the normalized maximum
and minimum radii. The interval is overall enlarged, with only small
sections in-gauge (∼4225 m and ∼4230 m). The maximum radius can
be up to 30% larger than the minimum radius. However, the minimum
radius is very close to the bit size, as described by the industrial
criteria for breakout identification. Fig. 6b shows the orientation of
the normalized maximum and minimum radii. It is interesting to note
that the maximum radii at about 𝜃 = 2.62 rad (0.83𝜋), is aligned with
the highest point of the borehole located at 𝜃 = 0 rad and not at 𝜋∕2
from it. As mentioned earlier, the orientation of enlargements is largely
defined by the orientation of the minimum horizontal stress which is
itself uncertain.

Two methods are current in modelling of cementing displacement
flows: two-dimensional gap-averaged (2DGA) approaches and threedimensional (3D) computational fluid dynamics. The latter we explore
in the second part of this study Sarmadi et al. (2021b). The focus here
is on 2DGA models.
3.1. The 2D gap-averaged model
The 2DGA approach is based on principles initially developed in Bittleston et al. (2002) and analysed more deeply for vertical and horizontal wells by Pelipenko and Frigaard (2004a,b), Carrasco-Teja et al.
(2008). More recently Maleki and Frigaard (2017) have extended the
model to mixed flow regimes and it is this model that is the starting
point for our work.
Briefly, the 2DGA approach first uses scaling arguments to simplify
the Navier–Stokes equations and then reduces the dimension to 2D by
averaging across the narrow annular gap. Implicit in this averaging
procedure is that variations on the scale of the gap width cannot
be accounted for. The model includes variations on the scale of the
circumferential length (typically ∼ 0.4 − 1m), explicitly represented by
variations in the annular gap. This explains our interest in filtering
of the caliper data in the previous section, i.e. so that the geometric
features we study are within the scope of these models.
The 2DGA model computes the gap averaged fluid volume fractions
(𝑐𝑘,0 ) and gap-averaged mean velocity field (𝑣̄ 0 , 𝑤̄ 0 ), in azimuthal and
axial directions (𝜙, 𝜉) respectively. The volume fraction of the 𝑘th fluid
pumped satisfies:
𝜕𝑐𝑘,0

+ (𝑣̄ 0 , 𝑤̄ 0 ) ⋅ ∇𝑎 𝑐𝑘,0 = 𝐽𝑘 (𝑣̄ 0 , 𝑤̄ 0 , 𝑐𝑘,0 ).
(1)
𝜕𝑡
Here 𝑐𝑘,0 is the gap-averaged mean concentration of fluid 𝑘 (𝑘 =
1, 2, …); 𝑡 is the dimensionless time defined from the axial length and
pumping velocity 𝑡 = 𝑡̂𝑤̂ ∗ ∕(𝜋 𝑟̂∗𝑎 ). The term 𝐽𝑘 (𝑣̄ 0 , 𝑤̄ 0 , 𝑐𝑘,0 ) describes the
transport of concentration due to diffusive processes. The left hand
side of this equation represents advective transport. The right hand
side includes terms for Taylor dispersion and other turbulent diffusive
mixing processes that are not critical to our study here; see Maleki and
Frigaard (2017) for the full description and for how different regimes
are modelled.
Geometric variations enter into the model via 𝐻(𝜙, 𝜉) which represents the dimensionless gap width and 𝑟𝑎 (𝜉) which is the dimensionless
mean radius of the annulus. The latter influences the partial derivatives
via the 2D annular divergence and gradient operators, defined as:
(
)
1 𝜕𝑞𝜙 𝜕𝑞𝜉
1 𝜕𝑞 𝜕𝑞
∇𝑎 ⋅ 𝐪 =
+
,
∇𝑎 𝑞 =
,
,
𝑟𝑎 𝜕𝜙
𝜕𝜉
𝑟𝑎 𝜕𝜙 𝜕𝜉
for arbitrary vectors 𝐪 or scalars 𝑞.
As the fluids are assumed incompressible, the velocity is defined in
terms of a stream function 𝛹 :
1
∇ 𝛹 = (𝑤̄ 0 , −𝑣̄ 0 ),
(2)
2𝐻 𝑎
and 𝛹 is found from
∇𝑎 ⋅ [𝐒 + 𝐛] = 0

(3)

Eq. (3) is a nonlinear elliptic equation for 𝛹 , derived fully in Maleki
and Frigaard (2017). The vector-field 𝐒 contains the wall shear stress,
resolved in the direction normal to 𝛹 . This is effectively the modified
pressure gradient of a gap-averaged (Hele-Shaw or Darcy) flow. The
flow is driven by the boundary conditions, i.e. typically a flow rate is
imposed, and by the gradients of 𝐛 which give the buoyancy force.
Since the weight of the casing pulls downwards in horizontal wells,
we assume that the narrowest side of the eccentric annulus will be
located at the bottom. This can allow us to apply symmetry conditions
at the vertical axis and solve the flow for the symmetric half annulus,
4
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Fig. 2. Data sample obtained over 1000 m of horizontal well using an 8-arms caliper. Each log shows the borehole diameter measured by a pair of arms tagged: CAL X, CAL Y,
DI 2–6 and DI 4–8. The grey line shows raw data; the black solid line shows smoothed data to illustrate the trend in reduced space. The dashed red line in each log indicates the
size of drilling bit.

Fig. 3. Illustration of common irregularities and their expression in a 4-arms caliper log. a) In-gauge hole, b) Breakout, c) Key Seat d) Washout.

Fig. 4. Subtracted wall rugosity from raw data passing a Gaussian-moving-average filter with a 1 m window. The selected interval is 4180–4280 m.

which speeds computation. However, in this study we present results
for full annulus to allow secondary flows to develop in the irregularities. The unwrapped gap-averaged full annulus is mapped into the
dimensionless rectangular domain 𝛺 = [0, 2] × [0, 𝑍], where 𝑍 is the
dimensionless well depth. Boundary conditions for (1) are specification

of inflow 𝑐𝑘,0 fluid concentration; at any outflow boundary we assume
𝜕𝑐𝑘,0
= 0. Boundary conditions for (3) are:
𝜕𝜉
𝛹 (𝜙 + 2, 𝜉, 𝑡) = 𝛹 (𝜙, 𝜉, 𝑡) + 4𝑄(𝑡),
5
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̄ 𝜎}: a) {172.53, 11.64}, b) {152.58, 2.29},
Fig. 5. Histogram showing the distribution of filtered caliper measurements. The mean and standard deviation in each figure are {𝐷,
c) {168.08, 9.99}, d) {156.37, 2.17}.

Fig. 6. (a) Maximum and minimum radii, from CAL X & CAL Y, normalized with the drilling bit size radius (78 mm). b) Measured orientation in degrees of 𝑟𝑜,𝑚𝑎𝑥 , and 𝑟𝑜,𝑚𝑖𝑛 ;
𝜃0 = 0 is the highest point on the caliper.

where 𝑄(𝑡) is the dimensionless flow rate. At each end of the annulus
we have Neumann conditions:

where the major and minor axes are 𝑟̂𝑜,𝑚𝑎𝑥 and 𝑟̂𝑜,𝑚𝑖𝑛 , respectively. In
polar coordinates (𝑥̂ = 𝑟̂ cos 𝜃, 𝑦̂ = 𝑟̂ sin 𝜃):

𝜕𝛹
(𝜙, 𝑍, 𝑡) = 0,
𝜕𝜉

𝑥̂ 𝑤 = 𝑒̂ cos 𝜃𝑒 ,

𝜕𝛹
(𝜙, 0, 𝑡) = 0.
𝜕𝜉

(5)

𝑦̂𝑤 = 𝑒̂ sin 𝜃𝑒 ,

𝑒̂2 = 𝑥̂ 2𝑤 + 𝑦̂2𝑤 ,

(7)

where 𝑒̂ is the distance between the centre of the casing and the centre
of the borehole, 𝜃𝑒 is the orientation of the centre of the borehole
measured from the axis 𝑥.
̂ These quantities, as well as 𝑟̂𝑜,𝑚𝑎𝑥 and 𝑟̂𝑜,𝑚𝑖𝑛 ,
̂
may vary with 𝜉.
The conic section eccentricity, hereafter referred as the ellipticity, 𝜀
is:

3.2. Modification for an elliptic wellbore
Within the framework outlined above the main changes to the
model are geometric, i.e. via 𝐻(𝜙, 𝜉) and 𝑟𝑎 (𝜉). Fig. 7 illustrates the
̂ The caliper data
well geometry, with cross-section slowly varying in 𝜉.
̂
is simplified to specification of an elliptical borehole at each 𝜉.

𝜀2 = 1 −

𝑟̂2𝑜,𝑚𝑖𝑛
𝑟̂2𝑜,𝑚𝑎𝑥

(8)

Note that if 𝑟̂𝑜,𝑚𝑖𝑛 = 𝑟̂𝑜,𝑚𝑎𝑥 then 𝜀 = 0, and a circle is recovered, notice
also that the ellipticity 𝜀 ∈ [0, 1].
To scale the data and derive the (slowly varying) narrow gap approximation, we first define the mean outer radius using the geometric
mean:
√
̂ = 𝑟̂𝑜,𝑚𝑖𝑛 (𝜉)̂
̂ 𝑟𝑜,𝑚𝑎𝑥 (𝜉).
̂
𝑟̂̄𝑜 (𝜉)
(9)

We centre the coordinate system in the casing and describe the
points that form the borehole wall as a translated ellipse using polar
coordinates. Rotation of the ellipse is applied at the end as a shift
in the angle 𝜃 → 𝜃 − 𝜃0 , if the borehole and casing are tortuous. In
Cartesian coordinates, described relative to the offset borehole centre,
the elliptical borehole wall is at (𝑥̂ 𝑤 , 𝑦̂𝑤 ):
(
)2 (
)2
𝑥̂ − 𝑥̂ 𝑤
𝑦̂ − 𝑦̂𝑤
= 1,
(6)
+
𝑟̂2𝑜,𝑚𝑎𝑥
𝑟̂2𝑜,𝑚𝑖𝑛

̂
This is used to define the mean radius (̂𝑟𝑎 ) and half gap-width (𝑑):
(
)
̂ = 1 𝑟̂̄𝑜 (𝜉)
̂ + 𝑟̂𝑖 (𝜉)
̂ ,
(10)
𝑟̂𝑎 (𝜉)
2
6
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Fig. 7. Illustration of the elliptical wellbore geometry.

(
)
̂ 𝜉)
̂ = 1 𝑟̂̄𝑜 (𝜉)
̂ − 𝑟̂𝑖 (𝜉)
̂ .
𝑑(
2
The local narrowness of the annulus is:
̂ ̂
̂ 𝜉)
̂ = 𝑑(𝜉) .
𝛿(
̂
𝑟̂𝑎 (𝜉)

𝑟𝑎 (𝜉)𝛿(𝜉)∕𝛿 ∗ . Eccentricity is represented in 2 directions via 𝑒 and 𝜙𝑒 . The
ellipticity enters via 𝜀2 and a phase shift for the major axis is included
by replacing 𝜙 by 𝜙 − 𝜙0 ; with 𝜙0 = 𝜃0 ∕𝜋. To reduce complexity, in
this paper we shall fix 𝜙𝑒 = 0. A number of geometric variations are
illustrated in Fig. 8.
Note that the contact problem has not been explicitly considered,
but we require 𝐻 > 0 for flow in the 2DGA model. We can see that
the maximum eccentricity before contact with the ellipse in a given
direction depends on the size of the casing and the phase shift of the
major axis. Similarly, the maximum ellipticity before contact depends
on the size of the casing, the phase shift and the size and angle of the
eccentricity. One can compute these iteratively from (17), or can simply
check positivity of a specified 𝐻 once assigned.

(11)

(12)

Global mean radius and narrowness are:
𝜉̂

𝑟̂∗𝑎 =

𝑡𝑧
1
̂ d𝜉,
̂
𝑟̂ (𝜉)
̂𝜉𝑡𝑧 − 𝜉̂𝑏𝑧 ∫𝜉̂𝑏𝑧 𝑎

𝜉̂

𝛿∗ =

𝑡𝑧
1
̂ d𝜉̂
𝛿(𝜉)
̂𝜉𝑡𝑧 − 𝜉̂𝑏𝑧 ∫𝜉̂𝑏𝑧

(13)

with 𝜉̂𝑡𝑧 and 𝜉̂𝑏𝑧 giving the top and bottom of the zone to be cemented.
The eccentricity 𝑒̂ is scaled with the local mean half width, so that
𝑒̂ ∈ [0, 1]:
𝑒=

̂
𝑒(
̂ 𝜉)
̂ 𝜉)
̂
2𝑑(

(14)

.

3.3. Fluids and flow rate selection

The scaled system for the varying wellbore in Maleki and Frigaard
(2017) uses 𝑟̂∗𝑎 to scale the radial coordinate and 𝜋 𝑟̂∗𝑎 for the axial
length-scale. The azimuthal coordinate is also re-scaled: 𝜙 = 𝜃∕𝜋. This
̂ 𝑟∗ . After scaling, the
scaling defines a local mean radius 𝑟𝑎 (𝜉) = 𝑟̂𝑎 (𝜉)∕̂
𝑎
narrow gap radial coordinate 𝑦 is defined by:
𝑟 =

𝑟̂
= 𝑟𝑎 (𝜉)𝑟𝑐 + 𝛿 ∗ 𝑦,
𝑟̂∗𝑎

𝑦 ∈ [−𝐻, 𝐻]

Before presenting our results here we comment on the selection of
simulation parameters used later. A typical cementing sequence contains 4–5 fluids (mud, wash, spacer, slurries, mud), most of which can
be represented as shear-thinning yield stress fluids. The most popular
rheological model used for describing such fluids is the Herschel–
Bulkley model:

(15)

𝜏̂𝑖 = 𝜏̂𝑌 ,𝑖 + 𝐾̂ 𝑖 𝛾̇ 𝑛𝑖 ,

𝜀2 (𝜉)
𝑟̄ cos 2𝜋𝜙,
(16)
8 𝑜
to leading order. The narrow gap approximation requires that 𝛿(𝜉) ≪ 1
and on introducing the ellipticity, we also find that 𝜀2 ∼ 𝛿 for consistency. In this case we see that the annulus centreline is approximated
as 𝑟𝑐 (𝜙, 𝜉) ∼ 1, to leading order. Finally, the dimensionless gap width
is:
(
)
𝛿(𝜉)
𝜀2 (𝜉)
𝐻(𝜙, 𝜉) = 𝑟𝑎 (𝜉) ∗ 1 + 𝑒(𝜉) cos 𝜋(𝜙 − 𝜙𝑒 (𝜉)) −
𝑟̄𝑜 cos 2𝜋𝜙 .
𝛿
8𝛿(𝜉)
𝑟𝑐 (𝜙, 𝜉) = 1 + 𝛿(𝜉)𝑒(𝜉) cos 𝜋(𝜙 − 𝜙𝑒 (𝜉)) −

𝑖 = 1, 2....

(18)

where 𝑖 denotes the 𝑖th fluid in the sequence; 𝜏̂𝑌 ,𝑖 is the yield stress; 𝐾̂ 𝑖 ,
the consistency; and, 𝑛𝑖 is the shear-thinning index. Given the range of
other parameters too, for reasons of economy we only simulate a pair
of fluids. The rheological parameters we have used may realistically
represent one of the following 2 scenarios: (i) preflush displacing
another preflush, or (ii) preflush displacing a drilling mud.
Nomenclature varies in the industry, but we refer to a preflush as
any fluid pumped between the drilling mud and the cement. These
intermediate fluids should improve the efficiency of mud removal by
cleaning the walls from mud and mud cake and leave them water-wet to
improve bonding of cement. Preflushes should also be easily removed
by cement slurry. Preflushes are commonly divided into washes and
spacers. Washes can be oil-based or water-based. If the drilling mud

(17)
We are able to include complex geometric effects in 𝑟𝑎 (𝜉) and 𝐻(𝜙, 𝜉)
and 𝑟𝑎 (𝜉). For the former, we capture axial variations in the mean
radius. Within 𝐻(𝜙, 𝜉) note that the average gap width (over 𝜙) is
7
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Fig. 8. Illustration of the possible configurations of the elliptical borehole. a) Circular borehole defined by 𝑟̂𝑜 ; b) Elliptical enlarged borehole defined by 𝑟̂𝑜 = 𝑟̂𝑜,𝑚𝑖𝑛 , 𝑟̂𝑜,𝑚𝑎𝑥 ; c)
Elliptical borehole defined by 𝑟̂𝑜,𝑚𝑖𝑛 < 𝑟̂𝑜 , 𝑟̂𝑜,𝑚𝑎𝑥 . Figures d)-f) rotate the elliptical borehole by 𝜙0 = 1∕2, 𝜙0 = 3∕4, 𝜙0 = 1∕4, respectively.

viscosity (𝐾̂ 1 = 0.01 Pas), that we do not vary in our simulations and we
also keep 𝑛1 = 𝑛2 = 1. Although restrictive rheologically, we are dealing
with a system governed by more then 10 (dimensionless) parameters
and our aim is to focus more on geometrical effects. Having said this
note that increasing the yield stress also contributes to viscosifying
the mud, when flowing, and that even with 𝑛1 = 1 the fluids exhibit
shear-thinning, i.e. the plastic viscosity is only the high shear-rate limit.
In the above context, many of our later displacements (scenario (ii)),
can be thought of as a wash displacing either a more rheologically
complex spacer. Alternatively, they can represent a wash or low viscous
spacer displacing a non-Newtonian drilling mud. Insofar as the cement
slurry is concerned, the displaced fluid would generally be a spacer.
To understand this, one would need to focus on a wider range of nonNewtonian vs non-Newtonian displacement flows than space permits.
Note also that typically the cement density is significantly higher than
that of the spacer.
Most of our computations have a fixed flow rate of 𝑄 = 0.0027 m3 /s,
this value is typical of cementing horizontal wellbores of the diameters
studied, and was chosen to keep a laminar regime in our simulations.
Horizontal wellbores are usually cemented in laminar regime to avoid
the risk of fracturing the formation in very long horizontal sections.
Most of our simulations have a comparable mean pump velocity of
0.3 m/s, either by fixing the flow rate or the cross-sectional area. The
intention here is to focus purely on shape effects. The effects of different
flow rates with mixed and turbulent regimes in irregular and vertical
or inclined wellbores could be studied considering light-weight and
low viscosity preflushes using all terms in Maleki and Frigaard (2017)
model.

used is water based, the wash is typically also water-based. Some
examples include fresh water, aqueous solutions with dispersants and
surfactants for improving cleaning. The intention of the wash is to
mix and weaken the mud. Oil-based washes are used for non-aqueous
drilling muds. Examples are diesel oil, or mixtures of water, mutual
solvents and surfactants. Spacers are typically heavier than the mud,
they are weighted with barite, hematite and calcium carbonate. To prevent sedimentation of these, viscosifiers such as bentonite and polymers
are commonly added in the spacer’s composition. The main objective
on the use of spacers is to separate incompatible fluids. Mixing of
incompatible fluids can lead to solids settling, flocculation and fluid
separations. Moreover, cement contamination can alter setting properties such as thickening time, can delay building of compressive strength
or lower it overall. All of these can directly affect the effectiveness of
the annular cement seal.
Thus, washes and some lower viscosity spacers are typically Newtonian with modest density and viscosity. Other spacer fluids might have
more complex rheology designed partly for reasons of displacement
efficiency. The initial computations we show involve 2 Newtonian
fluids. The intention in presenting this relatively simple displacement is
to demonstrate the effects of the irregular geometry. This can represent
the displacement of 2 washes or low-viscous spacers.
Drilling muds are classified based on their continuous phase. Waterbased muds are mixed with clay, polymers, salts, surfactants, detergents, flocculants, organic colloids, and emulsifying agents to mention
some. Non-water based muds are constituted of oils such as diesel,
mineral oils, esters, olefins, and solids such as barite or hematite to
increase the density. Although it is clear that drilling muds are complex
suspensions with material properties depending on shear rate, temperature, pressure, time, and interactions of the suspended particles and
dissolved species with the formation, it is widely accepted to neglect
most of these features along with viscoelastic effects when describing
the rheology. Hence equations such as (18) are commonly used as
simplifying description.
Even with (18), wide range of rheological parameter values may
be found for muds, e.g. elevated yield stress and consistency due to
dehydration or thixotropic effects when left static in the wellbore.
The most important property from the perspective of mud removal is
the yield stress, which is responsible for mud remaining stuck in the
annulus, i.e. static. This might vary from fairly modest (𝜏𝑌 ,1 = 2 Pa) to
high (𝜏𝑌 ,1 = 50 Pa). The muds we simulate here have a modest plastic

4. Results for a horizontal uniformly elliptical borehole
We first present results of displacements along a section of uniform
horizontal borehole. We fix the section length at (𝜉̂𝑡𝑧 − 𝜉̂𝑏𝑧 ) = 100 m.
The size of the casing (inner radius) is set everywhere as 𝑟̂𝑖 = 0.057 m.
The mean outer radius is also fixed as 𝑟̂̄𝑜 = 0.0780 m. Thus, the cross
sectional area is preserved constant despite of ellipticity as illustrated in
Fig. 8c. The flows are laminar (flow rate is fixed at 𝑄̂ = 0.0027 m3 /s),
and we consider only mild eccentricities 𝑒 ≤ 0.6 as the purpose is to
explore other geometrical features. In our results below we also give
an indicative (concentric) Reynolds number 𝑅𝑒, that we base on the
̂ the mean pumping velocity (𝑤̂ ∗ ), the density
mean half gap-width (𝑑),
8
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Fig. 9a (both with mild buoyancy and eccentricity), the ellipticity
appears to broaden the tip of the slump and result in a shorter extent
of the slump. This is somewhat expected as the narrow gap has become
narrower with increasing 𝜀, which counters the effect of buoyancy on
what is effectively a gravity current along the narrow side. Compared
to Fig. 11a we find more dispersion resulting from a more complex
secondary flow structure.
Comparing Fig. 11b & Fig. 9b the results are similar in terms of
the front advancement. Here we had increased the eccentricity (𝑒 =
0.3), which was sufficient to negate the slumping behaviour (Fig. 9b
vs Fig. 9a). The ellipticity results in a narrowed gap at the bottom
and extending the wider gap region azimuthally. The widest gaps are
located between the equator and the top, but the geometric effect is
not strong enough to counter buoyancy and allow peaks to form as in
Fig. 10. There is evidence of asymmetry at the front and instability
caused by this finely balanced competition (Fig. 11b), although the
front displaces effectively around the annulus. The degree of mixing
downstream looks larger.
Fig. 11c increases the density difference: buoyancy again dominates the displacement. Comparing with Fig. 11a the slumping front
is shorter. Comparing with Fig. 9b the extent of the slump is similar
to the circular borehole but interestingly for the elliptic hole we see a
concavity at the tip of the slump, where the eccentricity is minimal,
and the dispersive patterns in front are similar to Fig. 11a.
Lastly, Fig. 11d (as previously with Fig. 9d) shows that the slumping
can be countered by a positive viscosity ratio. In comparison to Fig. 9d
the overall results are similar, resulting in an approximately steady
displacement, but the elliptic borehole leads to a loss of symmetry in
the displacement front. There is a again a complex balance between:
(i) buoyancy inducing slumping to the bottom; (ii) geometry (elliptic
and eccentric) inducing flow to the widest parts of the annulus; (iii)
viscosity ratio, stabilizing the displacement.
In summary, for displacements of Newtonian fluids the main conclusions are as follows. First, many of the underlying behaviours remain
similar for elliptic annuli, when interpreted through the effects of
ellipticity on the local annular gap. In particular, ellipticity reduces
the minimal gap width and combines with eccentricity to locate the
positions of maximal gap width. Secondly, the ellipticity tends to
induce flow towards the maximal gap widths, which are now off-centre.
This promotes additional secondary flows about the displacement front
and we have generally seen larger dispersive regions ahead of the
displacement front for 𝜀 > 0. Thirdly, in cases where there is an
approximately steady displacement, the elliptic wellbore leads to a
symmetry breaking of the flow, that may itself induce further dispersion
(Fig. 11b & d).

and effective viscosity of the displaced fluid. The effective viscosity is
̂ Note too that the times given in figure
evaluated at a shear rate (𝑤̂ ∗ ∕𝑑).
captions are dimensionless, scaled with 0.5𝜋(̂𝑟𝑖 + 𝑟̂̄𝑜 )∕𝑤̂ ∗ .
All simulations were computed over a full-annulus. The concentration snapshots that we show below illustrate the unfolded annular
domain (𝜙, 𝜉). The horizontal axis along the centreline of each image
represents the bottom of the annulus (𝜙 = 1), whereas the top side
of the annulus is located at both extremes (𝜙 = 0, 2, as the flow is
periodic in 𝜙). The colour scale represents the concentration of the in
situ mud: white (𝐶 = 1) indicates pure displaced fluid, while black
(𝐶 = 0) corresponds to pure displacing fluid.
Fig. 9 presents a series of baseline cases of slumping displacements in eccentric circular annuli. Both fluids represent densified water solutions (same viscosity, different density, Newtonian). As explored extensively in Carrasco-Teja et al. (2008), Renteria and Frigaard
(2020), Sarmadi et al. (2021a), horizontal Newtonian displacements
are primarily a competition between the density difference and the
eccentricity. Figs. 9a–d show a concentration snapshot at a time when
the displacement front is close to the annulus exit.
Fig. 9a is for relatively mild eccentricity and density difference,
and we observe a slumping of the interface, mainly due to the density difference (5%). The front elongation is quite typical and is also
observed experimentally (Renteria and Frigaard, 2020). According to
the theory developed in Carrasco-Teja et al. (2008), the length of the
slump depend on the buoyancy force. For very large buoyancy, we
result in either steady or unsteady displacements, depending on 𝑒 and
the viscosity ratio.
In Fig. 9b the eccentricity is increased (𝑒 = 0.3). Although the
increase in eccentricity is moderate, the front becomes substantially
less elongated and more dispersive. This type of dispersive front is also
observed in both experimental work and in 3D computations (Renteria
and Frigaard, 2020; Sarmadi et al., 2021a). The dispersion is due to
secondary flows near the front. Fig. 9c increases the buoyancy (density
difference of 100 kg∕m3 ), which now again overcomes the eccentricity
(𝑒 = 0.3) and the slumping behaviour is recovered (Fig. 9c). The front is
however shorter than in Fig. 9a and the flow seems slightly dispersive.
Finally, for Fig. 9d we increase the viscosity of the displacing fluid
(𝐾̂ 2 ∕𝐾̂ 1 = 3). The slumping of Fig. 9c is countered and the front
is again fairly flat, with dispersion downstream. This type of steadystate displacement is observed experimentally in Renteria and Frigaard
(2020).
Fig. 9a–c outlined the key effects of geometry and buoyancy in
eccentric circular annular displacement flows. We now explore the
purely geometric effects of borehole ellipticity in Fig. 10. The displacing
and displaced fluid are identical Newtonian fluids. Fig. 10a shows the
circular base, for which the interface remains flat. This is an idealization as concentric horizontal wellbores are practically impossible to
achieve in field settings. We increase the ellipticity progressively in
Figs. 10b–d, with orientation of the enlargement perpendicular to the
lithostatic pressure (e.g. as in Fig. 8c). We deform in such a way as to
preserve the flow area so that the displacements have the same mean
velocity and only geometrical effects are exposed.
We observe that the front develops two peaks, symmetrically located at the centre of the sides in the ellipse, i.e. where the gap is widest
and the velocity maximal. For increasing ellipticity the peaks extend
further along the axis, following the velocity distribution (Fig. 10b–
d). With no competing physical influences the front simply disperses
downstream in this fashion. As a rough guide, for a narrow annulus
and Newtonian fluids, the velocity scales with the square of the gap
width. Note that the positioning of the peaks (for identical fluids) can
be inferred from the geometry in this way. Combining ellipticity with
eccentricity (Fig. 8) moves the wider parts of the annulus closer to the
top and hence the peaks in the displacement front.
Fig. 11 revisits the baseline results of Fig. 9, but now with ellipticity
𝜀 = 0.3. This value is relatively mild and remains within the validity
limits of the 2DGA model explained earlier. Comparing Fig. 11a &

4.1. Yield stress effects
A common feature of primary cementing is the occurrence of mud
channels on the narrow side of the annulus, where the mud has a significant yield stress McLean et al. (1967). Since the borehole ellipticity
studied above modifies the velocity field and the size of the narrowest
gap, we expect that mud channels will be sensitive to such geometrical
variations. For a uniform annulus with 𝜙𝑒 = 𝜙0 = 0, the narrow side
gap width is 𝐻 = 1 − 𝑒 − 0.125𝜀2 ∕(𝛿 𝑟̄𝑜 ), from (17). Since 𝜀2 ∼ 𝛿 (the
aspect ratio) and 𝑟̄𝑜 ∼ 1 + 𝑂(𝛿), we can see that 𝜀2 = 𝛿 is equivalent to
reducing the narrow side gap by an eccentricity of ∼ 1∕8, which has a
direct influence on whether the fluid can be displaced.
To illustrate and explore this feature, we present results of simulations in Fig. 12, in which the displaced mud has a modest 2 Pa yield
stress. The plastic viscosity of both fluids is 0.01 Pa.s, shear-thinning
is ignored and we have a small density difference of 50 kg/m3 . The
annulus length and inner diameter are as before, as is the flow rate. The
orientation of eccentricity is vertical as before (pulling downwards),
and the orientation of 𝑟̂𝑜,𝑚𝑖𝑛 is fixed at 𝜙0 = 0.
9
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Fig. 9. Slumping displacements in unfolded circular annuli (𝜀 = 0.0, 𝑟̂𝑖 = 0.057 m, 𝑟̂𝑜 = 0.078 m). Maps a–d show concentration snapshots at 𝑡 = 400 for: a) 𝑒 = 0.1, 𝜏̂𝑌 ,1 = 𝜏̂𝑌 ,2 = 0
Pa, 𝐾̂ 1 = 𝐾̂ 2 = 0.009 Pas, 𝑛1 = 𝑛2 = 1, 𝜌̂1 = 1400 kg∕m3 , 𝜌̂2 = 1450 kg∕m3 ; b) 𝑒 = 0.3, 𝜏̂𝑌 ,1 = 𝜏̂𝑌 ,2 = 0 Pa, 𝐾̂ 1 = 𝐾̂ 2 = 0.009 Pas, 𝑛1 = 𝑛2 = 1, 𝜌̂1 = 1400 kg∕m3 , 𝜌̂2 = 1450 kg∕m3 ; c) 𝑒 = 0.3,
𝜏̂𝑌 ,1 = 𝜏̂𝑌 ,2 = 0 Pa, 𝐾̂ 1 = 𝐾̂ 2 = 0.009 Pas, 𝑛1 = 𝑛2 = 1, 𝜌̂1 = 1400 kg∕m3 , 𝜌̂2 = 1500 kg∕m3 ; d) 𝑒 = 0.3, 𝜏̂𝑌 ,1 = 𝜏̂𝑌 ,2 = 0 Pa, 𝐾̂ 2 ∕𝐾̂ 1 = 3, 𝑛1 = 𝑛2 = 1, 𝜌̂1 = 1400 kg∕m3 , 𝜌̂2 = 1500 kg∕m3 . The
̂ and the mean pumping velocity.
Reynolds number for Figs. a–d is 𝑅𝑒 = 490, calculated using the properties of the displaced fluid, the half gap-width (𝑑)

Fig. 10. Demonstration of the elliptical geometry using 2 isofluids with properties: 𝜏̂𝑌 ,1 = 𝜏̂𝑌 ,2 = 0 Pa, 𝐾̂ 1 = 𝐾̂ 2 = 0.009 Pas, 𝑛1 = 𝑛2 = 1, 𝜌̂1 = 𝜌̂2 = 1400 kg∕m3 . Maps a–d present
concentration snapshots for a) 𝑡 = 336, 𝜀 = 0 (̂𝑟𝑜,𝑚𝑖𝑛 = 𝑟̂𝑜,𝑚𝑎𝑥 = 0.0780 m). (b) 𝑡 = 336.5, 𝜀 = 0.1 (̂𝑟𝑜,𝑚𝑖𝑛 = 0.0778 m, 𝑟̂𝑜,𝑚𝑎𝑥 = 0.0782 m). (c) 𝑡 = 339, 𝜀 = 0.2 (̂𝑟𝑜,𝑚𝑖𝑛 = 0.0772 m, 𝑟̂𝑜,𝑚𝑎𝑥 = 0.0788
m). (d) 𝑡 = 361, 𝜀 = 0.3 (̂𝑟𝑜,𝑚𝑖𝑛 = 0.0761 m, 𝑟̂𝑜,𝑚𝑎𝑥 = 0.0799 m). The Reynolds number for Figs. a–d is 𝑅𝑒 = 490, calculated using the properties of the displaced fluid, the half
̂ and the mean pumping velocity.
gap-width (𝑑)

Fig. 12a shows a circular annulus reference case with 𝑒 = 0.3. The
dark displacing fluid flows to the top of the annulus leaving a fairly
uniform layer of mud (here white) around much of the annulus. For
an elliptical annulus (𝜀 = 0.3) with the same cross sectional area the
displacement is shown in Fig. 12b. Again we see the large residual layer
of mud around the narrower parts of the annulus, but the elliptical
shape in this case results in a better displacement of the top (wider)
side. By imposing the elliptical shape in this way, the gap at the
bottom side of the annulus is smaller compared to the circular reference
(e.g. Fig. 8a & c). However, this also results in wider clearances over a
broader range near the top. Since the flow rate is fixed, restricted flow
in one part augments the flow in the other part, leading to increased
shear in the intermediate azimuthal positions. An interesting feature,
barely visible, is that the maximal flow is not at the top, but at 2 offcentre positions (as noted earlier). Thus, the front advances fastest just

away from the top side and there is a thin layer of mud behind the front
at the top.
There are two ways in which to make the narrow side gap (at
𝜙 = 1) comparable to Fig. 12a. We can either reduce the eccentricity
from that in Fig. 12b and compensate through the ellipticity while
keeping the same area, or we can keep 𝑟̂𝑜 = 𝑟̂𝑜,𝑚𝑖𝑛 and extend in the
orthogonal direction 𝑟̂𝑜,𝑚𝑎𝑥 > 𝑟̂𝑜 , which results in a larger annulus area.
Fig. 12c uses the first approach: an ellipse with the same area but
smaller eccentricity 𝑒 = 0.2. The resulting displacement appears similar
to the one in Fig. 12b, except for small layers appearing at the top of
the annulus at about 𝜉̂ ∼ 30. The two tips of the displacing front appears
symmetrically distributed about the centreline, slumping slightly away
from the top. It is interesting to note that reducing the eccentricity in
this case did not result in a better displacement, although it is likely
that the thin top layers will eventually be removed. Fig. 12d takes the
second approach, making an enlarged ellipse. To keep the displacement
10
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Fig. 11. Slumping displacements in elliptical annuli with 𝜀 = 0.3 (̂𝑟𝑜,𝑚𝑖𝑛 = 0.0761 m, 𝑟̂𝑜,𝑚𝑎𝑥 = 0.0799 m). The displacement flow parameters and fluids are identical with those in
Fig. 9 a)-d), respectively. The concentration maps are shown at 𝑡 = 400. The Reynolds number for Figs. a–d is 𝑅𝑒 = 490, calculated using the properties of the displaced fluid, the
̂ and the mean pumping velocity.
half gap-width (𝑑)

Fig. 12. Concentration maps of a Newtonian fluid displacing a Bingham mud in different geometries. Fluid properties are: 𝜌̂1 = 1400 kg∕m3 , 𝜌̂2 = 1450 kg∕m3 , 𝜏̂𝑌 ,1 = 2 Pa, 𝜏̂𝑌 ,2 = 0
Pa, 𝐾̂ 1 = 𝐾̂ 2 = 0.01 Pas, 𝑛1 = 𝑛2 = 1. a) Base case: a circular eccentric annulus, 𝑡 = 180, 𝑒 = 0.3, (̂𝑟𝑜 = 𝑟̂𝑜,𝑚𝑖𝑛 = 𝑟̂𝑜,𝑚𝑎𝑥 = 0.078 m), 𝑅𝑒 = 56. b) Elliptical annulus: same eccentricity
generates smaller narrowest gap, 𝑡 = 270, 𝑒 = 0.3, 𝜀 = 0.3 (̂𝑟𝑜,𝑚𝑎𝑥 = 0.0799, 𝑟̂𝑜,𝑚𝑖𝑛 = 0.0761 m), 𝑅𝑒 = 56. c) Elliptical annulus: same narrowest gap as in the base case (Fig. a) by
imposing smaller eccentricity, 𝑡 = 270, 𝑒 = 0.2, 𝜀 = 0.3 (̂𝑟𝑜,𝑚𝑎𝑥 = 0.0799, 𝑟̂𝑜,𝑚𝑖𝑛 = 0.0761 m), 𝑅𝑒 = 56. d) Elliptical annulus: same narrowest gap as in the base case (Fig. a) but enlarged
cross sectional area 𝑡 = 270, 𝑒 = 0.28, 𝜀 = 0.2 (̂𝑟𝑜 = 𝑟̂𝑜,𝑚𝑖𝑛 = 0.078, 𝑟̂𝑜,𝑚𝑎𝑥 = 0.0819 m), 𝑅𝑒 = 57. The Reynolds number for Figs. a–d is calculated using the properties of the displaced
̂ the mean pumping velocity, and an effective viscosity for the mean shear rate.
fluid, the half gap-width (𝑑),

comparable, we retain the same mean velocity for this simulation. This
case resembles the result in Fig. 12b, where the larger volume at the
sides of the axial centreline appears to aid the removal. Similar to the
other flows, we observe a thin residual mud layer at the top, starting
at about 𝜉̂ ∼ 70.

shifts locate the narrowest gap towards the sides of the annulus, as
illustrated in Fig. 8e & f. The phase shift 𝜙0 is constant along the axis
𝜉 in uniform wellbores, but in reality will vary slowly along the axis in
real wells. Fig. 13b presents an example of an axially-varying annular
gap, formed by rotating periodically 𝜙0 as we move along the borehole.
Now we look at the effect on displacement of imposing the phase
shifts described in Fig. 13. Figs. 14a–d present the resulting displacement of a Bingham fluid mud by a Newtonian spacer fluid with the
same conditions as those used in Fig. 12b. Fig. 14a presents the displacement resulting from a phase shift 𝜙0 = 1∕2. The resulting layer
is very similar to that of the standard case (Fig. 12a). Although the
bottom gap of the annulus is less restricted, the overall distribution
of the gap size in that region remains unyielded. The next 2 figures,
14b&c present 2 opposite phase shifts at 𝜙0 = {3∕4, 1∕4}. Interestingly,
breaking of the vertical plane symmetry results in a unique ‘‘wide gap’’

4.2. Orientation of ellipticity
We now explore the effects of varying 𝜙0 , which is the phase shift
angle of the ellipticity, measured from the direction of eccentricity.
Fig. 13 shows the scaled gap width 𝐻(𝜙, 𝜉) for 4 different choices of
𝜙0 , at fixed 𝑒 = 𝜀 = 0.3. The gap width at the bottom of the annulus is
least restricted when orienting the ellipticity at 𝜙0 = 1∕2 (□), e.g. as
in Fig. 8d. The orientation of 𝑟̂𝑚𝑖𝑛 can also break the vertical symmetry
plane. For example, when 𝜙0 = 3∕4 (▵) or 𝜙0 = 1∕4 (▿), these phase
11

Journal of Petroleum Science and Engineering 208 (2022) 109581

A. Renteria et al.

Fig. 13. The scaled gap width 𝐻(𝜙, 𝜉) resulting from applying rotations in elliptical eccentric annuli (𝑒 = 0.3, 𝜀 = 0.3). a) The rotation 𝜙0 is constant along 𝜉 (the same curve
repeats axially). b) The rotation 𝜙0 varies periodically along 𝜉.

Fig. 14. Concentration snapshots of a Newtonian fluid displacing a Bingham mud in elliptical annuli at 𝑡 = 238. Geometry and fluids parameters as in Fig. 12b, except for the
̂
orientation of 𝑟̂𝑜,𝑚𝑖𝑛 : a) 𝜙0 = 1∕2, (b) 𝜙0 = 3∕4, (c) 𝜙0 = 1∕4, (d) 𝜙0 varies periodically along 𝜉.

position (see Fig. 8e&f), and the displacement front moves more or
less along the widest gap position as it displaces, leaving behind the
mud elsewhere. Finally, Fig. 14d shows the effects on displacement of
the axially slowly-varying geometry of Fig. 13b. The periodic phase
shift 𝜙0 (𝜉) results in a subtle wavy bottom layer of mud. The layered
pattern results from local contraction-expansion when travelling along
the annulus.

arms would be more suitable for a full reconstruction of the geometry
in 3D simulations. However, here we just want an example of typical
shape variations and chose CAL X and CALY for simplicity.
In computing flows through irregular geometries such as these,
we need to consider mesh convergence, both from a numerical and
physical perspective. For Figs. 16b–d we use the raw radii data, without
smoothing. Because the caliper records at a frequency of 10 cm, in 20
m we have a total of 201 data points. Figs. 16b–d show the resulting
displacement flow results, using different mesh densities. The fluids
properties are the same as those used in Fig. 12a, (the uniform circular
base case).
For the coarser meshes we resample the radii data using a linear
interpolation. In Fig. 16b the displacing fluid appears to slump when
coming out of the in-gauge sections where 𝑟̂𝑜,𝑚𝑖𝑛 ≈ 𝑟̂𝑜,𝑚𝑎𝑥 ; e.g., 𝜉̂ =
(9, 13) m. This effect has been described by Renteria et al. (2019). On
increasing the mesh density in Figs. 16c&d the mud starts to bypass
at the top side of the enlarged elliptic sections. Increasing further the
number of mesh points does not result in a different picture. This
example suggests that a fine mesh is needed to capture the full effect of
the irregularities. However, it is not that simple. Geometrical variations
along the length of the annulus, at the scale of 10 cm, are strictly

5. Displacements using caliper data
Fig. 15 shows a caliper log example for a 20 m section with considerable diameter variations. The dashed line in each pair of arms (CALX,
CAL Y, DI 2–6, DI 4–8) indicates the bit size, which can be interpreted
as the target borehole diameter. As discussed earlier in Section 1, CAL
Y and DI 2–6 are fairly close to the bit size. Conversely, CALX and DI
4–8 show strong enlargements across this interval.
Fig. 16a shows the characteristic 𝑟̂𝑚𝑖𝑛 , 𝑟̂𝑚𝑎𝑥 selected from CALX and
CALY. This is the radii profile that is input into the 2DGA model.
Likewise, we could have taken the other perpendicular pair of arms
(DI 2–6 and DI 4–8), or select the maximum and minimum diameter at
each depth from the 4 possibilities. The full information of 4 or more
12
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Fig. 15. Data sample obtained over 20 m of horizontal well using a 8-arms caliper. Each log shows the borehole diameter measured by a pair of arms tagged: CAL X, CAL Y, DI
2–6 and DI 4–8. The dashed line in each log indicates the size of drilling bit.

Fig. 16. Mesh resolution example for using caliper data. a) The profile of (̂𝑟𝑜,𝑚𝑖𝑛 , 𝑟̂𝑜,𝑚𝑎𝑥 ) obtained from Fig. 15 and input in the 2D simulation model. Sequence b–d presents a
snapshot of the concentration map at 𝑡 = 122 for a Newtonian fluid displacing a Bingham mud (fluid properties as in Fig. 12) for increasing mesh density: b) 40 x 20 mesh, c) 40
x 100, and d) 80 x 200.

𝜉̂ ∈ (4180 − 4280) m. The radius data is shown in Fig. 17a, selected from
the CALX, CALY readings and smoothed. Fig. 17b presents the irregular
geometry input to the 2D model as the gap width 𝐻(𝜙, 𝜉) Only a modest
eccentricity of 𝑒 = 0.3 is assumed. As we can see the gap width is quite
uneven.
Fig. 18 shows a time-sequence of the displacement using the irregular geometry in Fig. 17b. The pair of fluids used is again the same as
for the circular base case presented in Fig. 12a. The mesh resolution is
40 ×100. It is interesting to note that even with a smaller resolution
(compared to 16d) similar behaviour at the top of the annulus is
resolved. Another interesting feature occurs when the front passes
through 𝜉̂ = [10 − 15] m and ∼ 𝜉̂ = [40 − 50] m (Fig. 18). From the radii
profile in Fig. 17a we can see that about these positions the front passes
through contractions in the annular gap. These reductions accelerates
the flow and this enhances the effects of dispersion at the front.
So far we have used moderate values to represent the mud’s yield
stress and eccentricity. In field settings more extreme value might reach
𝜏̂𝑌 ,1 = 50 Pas. In horizontal wells large eccentricity is very common.
Fig. 19 presents the same displacement as Fig. 18, but with an increased

below the resolution of the 2DGA style of model, i.e. the length-scale of
sampling is becoming comparable to the gap width and we deal with a
gap-averaged model. The point is that we would be refining our mesh
to pick up features of the flow that are outside the reliable range of
validity of the 2DGA.
Instead, we must first start with a filtered geometry over a lengthscale valid for the 2DGA assumptions and then we may refine the mesh
to ensure that the numerical solution is reliable. To do otherwise is not
only contradictory, but can also result in prohibitively large meshes
even for a 2D simulation. This is why in the following results we first
smooth the caliper data using Gaussian-moving-average filter (with a 1
m window), and then we approximate the displacement with the 2DGA
model, using a mesh resolution of 1 mesh/m.
5.1. Displacement flows with filtered caliper data
We now present the results of several displacements modelled using
the filtered caliper data, as explained above. We target a 100 m interval
of the caliper profile from the wellbore in Fig. 2. The selected interval is
13
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Fig. 17. (a) The profile of (̂𝑟𝑜,𝑚𝑖𝑛 , 𝑟̂𝑜,𝑚𝑎𝑥 ) from Fig. 6 and input in the 2D simulation model. b) The half-width gap 𝐻(𝜙, 𝜉) produced using data in a) and assuming uniform
eccentricity 𝑒 = 0.3.

Fig. 18. Displacement time sequence using the geometry in Fig. 17b. Fluids parameters are 𝜏̂𝑌 ,1 = 2 Pa, 𝜏̂𝑌 ,2 = 0 Pa, 𝐾̂ 1 = 𝐾̂ 2 = 0.01 Pas, 𝑛1 = 𝑛2 = 1, 𝜌̂1 = 1400 kg∕m3 , and
𝜌̂2 = 1450 kg∕m3 . (a) 𝑡 = 0.5, (b) 𝑡 = 99.5, (c) 𝑡 = 198.5, (d) 𝑡 = 297.5.

uniform eccentricity 𝑒 = 0.6. Interestingly, the displacement results in a
better mud removal on the top of the annulus. Increasing the gap size
in the wide side makes buoyancy less effective at driving the slumping.
The displacing fluid is thus forced to flow along the top side. The
dispersion near the displacement front is still evident.
In Fig. 20 we explore the effect of increasing the mud yield stress
for two eccentricities 𝑒 = 0.3 (Fig. 20a&b), and 𝑒 = 0.6 (20c&d). As expected, the size of the irregular mud top layer grows with larger mud’s
yield stress. Overall, if we are to consider the effects of this irregularity
and ellipticity on a difficult displacement, the key point is that the geometric effects make a bad displacement less predictable. For a uniform
eccentric borehole, laminar displacements produce a range of fairly
predictable behaviours, (i.e. slumping or wide-side front propagation,
dispersion, narrow side mud channels). The scenarios considered above
all produce ineffective displacements in which large-scale stratification
and channelling are the norm.
Lastly, we have not considered eccentricity from the perspective
of centralization. Certainly, large scale enlargements are problematic
in horizontal wells where rigid centralizers are used. Even assuming
that centralizers are locally effective in keeping the casing centred
where they are installed, we can expect that between centralizers the

eccentricity will increase due to pipe sagging (e.g. as in Fig. 21). The
effects of such a variation (in the same 100 m outer borehole) are
shown in Fig. 22. The pattern in the bottom mud layer appears to
follow the eccentricity pattern. As before, there is also residual mud left
behind at the top, where the displacing fluid slumps. The displacement
is certainly not better from the perspective of mud removal than those
for comparable yield stress, in either Fig. 20a or Fig. 20c.
6. Discussion and conclusions
In this paper we have focused mainly on the consequences of
wellbore ellipticity on primary cementing displacement flows, both as
a uniform geometric feature and as the basis for an irregular geometry
model based on axially varying elliptic sections, fitted from caliper
data. The primary cementing displacements have been computed using
a 2D gap-averaged approach that is essentially the industry standard
for modelling such flows.
In the 2DGA models, fluids flow along the pathways of least resistance, driven by the imposed flow, by buoyancy gradients and influenced by rheological differences between fluids. The strong geometric
14
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Fig. 19. Same geometry and fluids parameters as in Fig. 18, except 𝑒 = 0.6.

Fig. 20. Displacement snapshot at 𝑡 = 395.5 when increasing the mud’s yield stress or wellbore’s eccentricity. (a) 𝑒 = 0.3, 𝜏̂𝑌 ,1 = 10 Pa, 𝜏̂𝑌 ,2 = 0 Pa, 𝐾̂ 1 = 𝐾̂ 2 = 0.01 Pas, 𝑛1 = 𝑛2 = 1,
𝜌̂1 = 1400 kg∕m3 , and 𝜌̂2 = 1450 kg∕m3 ; b) 𝑒 = 0.3, 𝜏̂𝑌 ,1 = 50 Pa, 𝜏̂𝑌 ,2 = 0 Pa, 𝐾̂ 1 = 𝐾̂ 2 = 0.01 Pas, 𝑛1 = 𝑛2 = 1, 𝜌̂1 = 1400 kg∕m3 , and 𝜌̂2 = 1450 kg∕m3 ; c) 𝑒 = 0.6, 𝜏̂𝑌 ,1 = 10 Pa,
𝜏̂𝑌 ,2 = 0 Pa, 𝐾̂ 1 = 𝐾̂ 2 = 0.01 Pas, 𝑛1 = 𝑛2 = 1, 𝜌̂1 = 1400 kg∕m3 , and 𝜌̂2 = 1450 kg∕m3 ; d) 𝑒 = 0.6, 𝜏̂𝑌 ,1 = 50 Pa, 𝜏̂𝑌 ,2 = 0 Pa, 𝐾̂ 1 = 𝐾̂ 2 = 0.01 Pas, 𝑛1 = 𝑛2 = 1, 𝜌̂1 = 1400 kg∕m3 , and
𝜌̂2 = 1450 kg∕m3 .

Fig. 21. Axially varying eccentricity profile 𝑒 ∈ (0.3, 0.6).

influence provides the main tool for understanding uniform ellipticity.
In the usual configuration, with an eccentric casing in an elliptic
borehole, the top and bottom gaps are both reduced. The narrow lower
side is thus even narrower. The widest parts of the annulus tend to
move from the top around towards the sides of the annulus (and at the
equator when concentric).
We have seen that the tendency is for the fluids to flow fastest
along the widest paths. When a density difference is also included,
we can have the front propagating in 2 peaks, approximately at the
widest parts. Alternatively, we have also seen that the displacing fluid
may slump to the bottom of the well and displace there. The off-centre

position of the largest annular gaps combined with a density driven
mechanism has been observed to produce more dispersion and some
evidence of instability at the front. Where we have also combined
rheological effects such as the mud yield stress and axial variations
in ellipticity, we have found extremely complex flow patterns. The
yield stress results in regions of immobile mud and the axially varying
geometry visibly induces defects in the displacement flow.
Our focus in the paper has been mostly to introduce the topic of
irregularity and showcase the effects, rather than to offer solutions
for how to cement such wells effectively. The point here is that if a
caliper were to be run, we would find that many horizontal wells being
15
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Fig. 22. Displacement time sequence at a) 𝑡 = 0.5, (b) 𝑡 = 99.5, 𝑡 = 198.5, 𝑡 = 297.5. The eccentricity varies axially as in Fig. 21. Fluids parameters are 𝜏̂𝑌 ,1 = 10 Pa, 𝜏̂𝑌 ,2 = 0 Pa,
𝐾̂ 1 = 𝐾̂ 2 = 0.01 Pas, 𝑛1 = 𝑛2 = 1, 𝜌̂1 = 1400 kg∕m3 , and 𝜌̂2 = 1450 kg∕m3 . .
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currently cemented have similar irregularity as shown here. A caliper
log could be used to construct the well geometry much better than the
usual assumption of a circular eccentric annulus. It would also provide
accurate measurements for correctly calculating excess cement volumes
to be pumped and in exposing problem areas for centralization. For
example, adjusting choice of bow springs for a larger hole in a washout
and increasing frequency in irregular areas.
Effective cementing is not clear to us and probably needs to be
addressed on a case by case basis. It is not all bad news though. The
irregularity does induce more azimuthal flow as part of the streamwise adaption of the flow to the changing geometry. Also, apart from
increased dispersion, the underlying behaviour of the displacement
front with ellipticity does not appear worse than that without, just
different. Hole enlargement also often acts to reduce eccentricity. This
all suggests that common practices such as increased viscosity ratio
between displacing and displaced fluids, a slight density difference to
push fluids around to the narrow side, mud conditioning and reducing
eccentricity will all be sensible approaches to large-scale irregularity.
These all need systematic study.
The other area for study concerns different features of irregularity.
The 2DGA approach is restricted to slowly varying geometries and
to this end we have used filtered caliper data for this study. Caliper
sampling frequencies extend well below the 1m length-scale we have
used. Irregularity on the scale of the mean annular gap width requires
study of three-dimensional flows. Features such as wellbore rugosity
can be studied independent of the larger scale irregularity here, or
may interact with it. In part 2 of our study (Sarmadi et al., 2021b)
we address these effects.
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